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■ ♦ i IntrodudtlQn i ^ * ^ ' - , f ^ ' ^ 

7 • ^ - The^^rpose of ';thl| chapter Is |tudy th€ pr 

the exponential functions ^ f : jt^^av (a > O)' ^and their In-^ 
^> verses the los$,r£thmla functions. / ' V ^ i ' 

' . \ . ^ It Is MBiimed that the student, Is fsfelllar wW:h the lawa 
/ -o^ exponeh^ts^ in pWtleulay^lth ' ' ^ 



Where r ^ark s "are ratloftal nuktiers.. Tlevertheless/ thfse / ^ 
matters are .reviewed /in. the first twb ^sectlohs In connect^ with 
^ a. OQncj?ete prablem - the ^growth of a cold^ of ^ bacteria, ^ In 
Section 4-3, » a: l^i given a meaning? when x % Is lipratlonal* 
Another treatment of auctions wid 4*2 Is given In the / T , 
Appendix, This alternative Iftt^duces and solVes thf fuirctional 
.^e^uatlon- 'f(x •+ y) « :f^)^ f (y) . We •believe that for e;^cep^on-'ii 
,' al, students, this approfiel^wllP be ver^ lliumlljatlng . ' " . '' ' 

Be|l^nin& with- Sefctlon 4-4, the materia^, wl;lft be new tdlthe ''* .. 
, , / student-. . The mathod lln^r approjtimatlon ua-ed in Chapter »a 

. . is applied, to expoA#ntlaI-''iraphs . rlt iB shown that it * - . •, , 

f :j, X— p-a^- the slope 'function is ^ ' ' . ' ■■• 



g 
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r 



where c ,1s the Bldpe' at . sc^i 0. . . ' 

* Throughout the Bh6.p^er emphasis Is pi a%d on .the simplest 
• n6n*trivlal case,', -a = '2." Wfe ass\«ne wlthQTit'rpiw*™that-t^hi 
griph bf ^ 3^-* 2^, .has a ^apent ift the point P(0, l). 



Lai case, 

^ jolnlng^ P to namrby pblntsj it Is m&dB plai:^lbla that , the J. 
. Blp^i k of this tang©|i| |t>. approximate ^ , 

' ^ Oncei^hls; Is granted' •there Is ^laln sailing. It Is easy . ; 
' to' show that if- rWf^'^, 'f '(x) .4- k2^. the^devtoe of ex- ^ I, 

presalnjg, a as a pdwec ofr^Ca = ? )'; explained In -4, we show 

i ^ ' ' -.s^ , ■ ■ '-. ■ ^ ■ ' • " . * - 

• that for ^ . ■ , ; ■ t . v ■ , ^ 



the |loptf function la 



f : X— f-a^ 



f,» r X — i^oC^ka^, 



X 



It Is then^ natural 'to* choose the base a ao'that GCk = 1 and 
hence so that f« ^ f . , ThlSflead0 to an "intuitively 
- way of introdV:Clng the base ^e and estimating its value, ; 

In the appendix *i(4-lS) there will be found a further dis^- » 
^cuaelon of e 1^^ partiteulaTj some IndlGatlon of the oonnect^pn^ 
between equations is) an \ , j 

' • Beoaua^-of the emphasis put the speclaL'cafee a —2, 

L'^lt ig impoptant "to familiarize the student very ^thqroughly with ^ 

'^^he use of the table of values of^ 2^. Some remarks cQncerning 
"1^ ^the aonEtruotlon: of this table are given; *ea^ow^ ^The student 



shouid alao become aepustomed to the full-page gtaph of y ^ 2 
brackbomrd drawing. 'of this graph would be. helpful. 



X 



1 

I 
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A: 



The applications disoussed are" of Iftiree types s 

■ . . . '■ ■■ .»' %] ■ . ■. ■' ■■' »' 1 ■ ' - t ■ 

It Is expeoted that at least the first type v^lil be inoluded 

■' ■ ■ ^ ■ ' ■ ■ ^ * " ■ 

In view t of ithe currefit iSntereat Ip radioactivity ^ It has the . 

' ' ■ ■ ■ . . ^ .' ^'r ' ! ' — * — ■ ' • " ■ ■ ' ^ * ■■ . . ^ . 

advantaae th^t only powirB 2 need be Involved. 

■ ■ ■ " " " , ■ , "■ ■ H ^ ■ ■■■ ^ " " ■'-■■^ '"■ ■ - ■■■ 

Section 4-8 is SLf discussion of the importaht topic of in- 



7 



verse funotlorts; Time npept *hls ;a«etlOTl'vW.ll' bfe well^ r 
jaid 'beoauee of theyilgh^^ WhJ^ch Ifi throws an %he function 
.etbnoept . This material coulid have been InOToiuced much 
tfarldarj^lh the text (lrj..^apter 3 af t%r ^pomposltlpn of / ' 



functions or even at ,the enfl of Chaptjer l) ? " However^ • It was 



felt that by placing thea^sectlon In this chap ter^ the time 
lapse befcwjeen Idea ^ 



» application Isr reducfed.to a minimum. 
The af plication of course is to logariti&lic.fund€ions (4-9). } 
- An effort has. bee^ made to treat, logarithmic functions *Ln 



a significant way by uslttg the prlnc^ai. results of 4^-8. 



4-1 



It may be approprlatp at this po^nt 'to review the basic, 
meanings of rational exponents sind work a few exercises of the 
following kind: ^ " • ' 



e ) 4 



Find a simple^name for ' ' 

a) 22 \ ; 'h^; sS/ a^ 



S) 8 



-2/3. 



d) 43/2 ' ■ 
h) (.8) -2/*, 



o '■ 
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n , 




g) What res^rlGtlonB do w0 have on a^ n*^.? We 



avoid valueB that yield a zero denomlnato 



ir an ^ 



expression of the form;. 0 



Solutions td Ixerelses 4^-1 



Pages S20=2i9 



Identity (l) says that If r and *s are rational ' 

J 



.r-fs 



If TO BUbstltf 



SXim "0" ' 



= 2' 



for "s" , we get 
♦ 



pT+0 ^ 
■ r ^ or 2 = — 



a. 4s In Ero^leTrr (l) If we substitute r" for "b"' we 
^.gr'(lrLgr ^ g-r g-. _ £ 1 " 



7 



VfJ 



Let N(n)s 10^(2")' 







0 


1 


1" 


2 


2 




3 


8 


4 


; 16 




5. 



N(n) 
Iri^ millions 



Let the number of bacteria after n dajTB be repreaented 



by, 'N(n). Ve have therii N(n) - 10^(a"^ 



Thus. 



N(a) . 2^ 



N<b) 

or ' N(a) = N(b)2^"^ 
He 



.6 



= 2 



a-D 



10" . 2' 

or If a = b + k, 



+1 k) = N(b)2^ . 



mce IJ(h + 5) p(n+5) - (n+2) _ .3 
In this problem, we seek' . 



Let' a s N(IOO) =-10 

= f , . or N(x) = 



.-10 



= 1024 . 

We seek an x such that 

„100 



a . 2"^ , or ,N(x) = 10^ 



.-2 



= 10' 



98 



= N(g8). Therefore x = 98 
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■7. Ofhis^ pi^blem ihvblves- the, .mpre general sltu$it ion WWer/g 
, , yinY =i'N(p).b"; As In^Qtlem 4, '^'^ : ;: Va-! 



or- N(a + k):^= N(a)b^.^ get a 3, k = ■3/2 . Then , , . , 
N(3 1 3/?) =' 1^600,000 =;N(3)t?/® 200,000 fi^/^ . 
Theref.ore,,pTi600,000 i 200/000 b^^^ "or b^/^ = 8 ' 
and b = 4. \Hence, N(n) > N(b)4^, 'and In partloular ■ 
N(3) =^00,000 = N( 0)43. Therefore, NfO) = 200,000 • 4"3 ^ 
The foimwla for N(n) , now may , He written as ^ 

- . N(n) = 200,000 • 4""^;, ^ *- . ' ' 

\^ (a) If n >; 5, N(5), = 200,000 •*45"3 ^ 3,200,000 " 

(b) If ,n = 1 1/2, = N(l 1/2) t 200,00^ . 4^ ^' 
, ^ = 20Q,0®6 . 4"^^^, ^ 200,000 . 1/8 = 25,000'. 

(c) If * N(n) = 800,000 , then "200,000 V 4^-3 ■ ™ 

■ • ■ _ ■ : . / . " ' ■ * 

= 800, boo . and 4""? = 4-'- ■ . ThereforeT~n - 3 = "i ' ■ , " 

■ ' ' ■ . * 

and = 4 . . . -w . 



Solutions to Exercises 4-2a. '', P^ges 233-234 

1, a) ^ If both m and n are positive Integers • a"/ 



a * a. * a - a * a 

V _ — . . . ^ 



\ * , . . a ^ a a ' . . . a ^ a ■ 



m : factors . ^ \ n factors + n factors 



h If m--. 0, then we know that a? = 1. Henc^, 

Bimllar arpimant holds' if ^ 0,, ^ ^us, the ^le Is . 

• ' ^ . ' . - V' / ' ' ' ' * 

^ ^established for m. In ^ 0^ .1^ 2^ ... . ^ ' 

b) iJow suppose < 0^^ m > 0. ^en . ^ ' - 

• ^ • . - , ' : . ^ .1 .f- 

(1)' If • m > -ri, let' m = -n where k' = 0, 1, 2/ . . :' ' 

, , ^Then ; . ' = " . ' • * 

~=h = ' -n " -n — from C,2) , 

a . a a , ■ 

^ k*^ ^m+n m n m+n . . 

.^m^- ^ a - a ^ so a * .a - a 

^ for* this case. 

f ^ ' - ■ " ^ " ^ ■■ . - ^ 

. (2) If TTi < -n (m need not be O)^ then let 
' = . i m + k = -n where ^ 1, 2, 3, , Hence> 

^ ^ a a _ 1 _ _=k _ m+n 

4 a a a * a a 

Once again a^ * a" ^ a^"^^ , completing all ^ 

r the possibilities, . . . ' 



2, a) Suppose n - 0, 1^ 2^ 3^ . . . 

' if m = 0, then (a"')'' = (a°)" = i" = i ^ 

O-n mn 

- = a 

If n = 0, ' then (a"^)" = (a^f - 1 = a^ = a^-" = a!^ 

T 

. Now ^suppose m ^ 0, n ^ 0, Then {a ) means that 
a^ Is used ap a factor n tijnesi 

( a ^ ^ a^ * a * , . . * a 

n factors of a"^ ^ . . 
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' . . 18 0 ' . ' ^ 

^ But Itself Is the pt'odyct when a- is ;t^en as a ' " 

factor m ..times, Va^ = a,- a • ... • a . Replacing 

^ : ^ J . * -. 

- . ^ m factors . ^ * i - > • ^ 

^ by Its expanded form,^ "a . a * ' a"; In . \ '-^^ 



.we .see that-^^^.s y^ed as a factor mn times 

- / -i' f 
^ ' n 

^ so that .Cp ) ^ a , . , ^ 

We have established the_^le (a"^) = a"^ for= ' 

* 

m, n^- 0, 1, a, 3, . , In fact. If m or n = 0, 

the other*%eed n^t^b^Mpestrlcted 'td ^^the non-negative 
Ifttegers. The proof goes through for this ^more general 
case, \ ' 

h) Now suppose m = - 1, - 2, n - 1, 2^ 3j ... 

Then (a) = — 

a a a 



n factors 



c) Now suppose, m = 2, . , J n - 2, --3, then 

^ 1 1 _ ^mn 



a 



d) Finally, suppose m«-l, - 2, ...j n=-, 1, - 2, 
then ( a^) 



" _1_ ^ 1 ^ 1 

-m ' , ^ ^n -.^ 



_ -111 T 

a ^ 1 



a 



1 *- mn . 

— — - = a 



' 1 1 



II 



I - ■ n 

^hls oorapleteB, the proof that (afy tor Integral-. 



values of m and rt\ 



ft ■■ 



3. 1000(8 -2/3^ ^ 2^QQ,,,A=^ ^ 1000 ' -^^w-^ 250 

•.3(|)-^/^a(|)-^.3(|)3 = 3 .-1^=1 • ^ ' 

1. ■ (45/2)(8-l) = (22)5/2(23)-! ^ g5 . g-S ^ ^^l 

'•(2-2/9)- . • . . ^ 

As X — ^2 is an Increasing function as x IncreaseB, 
in order of decreasing value from the left we have ^ 

22-7 = gS / 2^7^ . 27/10 ^\ . ^ 10/^ 

5. a)" If' 8"^ = (J^y , then 8^ = 8^ and m = 2. " 



: b) if 8m = ) ^ ^j^g^^ 23m = '25 anc3 

7. a) If 2^^- ) = IG"^ , then 2^'^^^ = (2^)" = 2^"^ and 
^t- ^ 4m so that :n 4 ^ P56. 
b) If (2'*)^.= lo'" then 220 ;.4m 



so^Jthat m 



8. 



2^ - 2^ 



182 

g^(g° - 1) 
c 



It might be well to obtain sonje rational powers of ' 2 
• before resorting to the table on page 235. The table the^ 
becomes more mean|^ful to the student, and moreover, there 
Is a better notlor^^^f the increasing natur©- of \f : x— fc-S^ 
^^Trie rational powers of 2 that. ars most readily )computed are 
^2-5, 2-25, 2; 2'^^^, 2'^^, g'^^S which ip obtained by 
successive square roots of 2 and taking appropriate products 

25 ' ■ . 

2' ^. This could have been obtained, 

also, by finding the square root of ^/s". Thus 2^/^ = 8^/^ 

If these values are obtained and listed In order, we get, 

approximately, - ^ 



■Thus, 2 ■'''5 a g-5 





2^ 


0.000 


1.000 


.125 


1.091 


.250 ^ 




.375 


1.2i.B 


.500 


l.J^ 


. 625 


1T5'^2 


f750 


1.682 


.875 


1.834 


1.000 


2.000 



Intermediate values o^' 2^ 
,may be obtained by linear Inter- 
polation within a ver^ small 
error. ThuB, using the familiar 
Interpolation technique we get 
from th^ table 0 



3*^ * 1.150 Instead of 1.-1^9 

- 8 - ^ ^'^ ^ 

2' ^1.7^2 instead' of 1.741, 



^ It might be helpful a time-saver to have^a class-chart 

of the tab^e of values of ?^ " as given on page 235. 



la 



Solutions to tx^eTQlmm 4-2b 



a) 25/"^ = gi.as^g. 



, .183 



25 



Pages 235-2 



2(1. i8g) m ^.378 



b) fiS/'^ = '2 
a)/ 2l-15^ = 2 



2^2 • s/i,mk w 2(i.i8g)-= 2.378 

2 » 2(1,110) = 2:220 



b) 2^-^^^ = 2^ . 2-^^ ^{l.^m = 6.216 

0) 'gO-SS =.2-55 . 2'°3 « (1.46^)(1. 102101) «1,49' 



d) 2 



^ .5 1.189 . i.ofeioi ' « 



61 



a) -B-S^^ = (23) = 22-52^ 22 • 2-5 . 2-'02 



^ 4(1.414) (1.01396) « 5.74 
-0.63 



b)"":25=°-S3 = (2=2) 



^ ^1.26 ^ gl ^ g.25 



2 (l'. 189) (1.00695) « 2.39, 



01 



4. 



r 


2^ 


=4.0 


.0625 


=2.6 . 


.0825 


-3.2 


.109 




.144 


, =>;. 4 


.190 


-2.0 


.250 


-1.6 


.330 


-1.2 


.435 


-0.8 


.575 


-0.4 


.758 


1.4 


2.640 


. i:.8 


3.^182 


2.2 


4 . 596 


2.6 


6 . 064 


3.0 


8.000 



* ' Solutlona to Bcerolses 4-3 ' ' . ' - 

1.. a)* 2^ -^5 w2,|2'w a. ,2 . *Ve ml|ht permit ag mucti as a 



2..65 - ^ . ^ 



'fc) 2 • ^ **'-6.28,« 6,3 ' ".2 leeway from these ai^s^rs 



c) 2,-5® « 1.49,,^>1.5 ■ ; If the ,^aph is not. blown up, 



blawi 

> 



d) 2-°-72 « ;6i 



2. - A ,eompar3,^^^^^oul^ revfeal a |aif ferince of not-i^ore than .-^S. 

3. a) T M 2-' 'f -^ 3.32 « 3.3 > ■ / 



b)' '2^« f^-l^"^ 8.82 «'8;S, 



c) 2»'^/'^« 2--'^9 w .58 « '.6 



No* €f X . Is 


a ^real niMber such that 2 - Oj 


and 


If y ^ ls\ any 


real ntAmber whatever ^ then y - x 


Is" a 


real number^ 


2*^"^ Is therefore defined^ and we 


t- *\ 
have ■ ^ ^ 

" ' 




gy-x . '2X ^ 2^"^ . 0 » 0, 




but ^ 


\ gX ^ gy -[ 




therefore 


2y = i ■ * ■ 





for every real numbe^ y. But 2^ ^ 2^ .so this lj^^m^a^slbl4 









5. • 


a) If 


2^ » 6 




,b) If 


= .4 




If 


2^^ = 3.8 



X ^ 2 . 58 « 2 . 6 
X « -1.32 « -1.3 



Solutions to ^erclses 4-4 ■ ' ' Page's 246-2^7 

. \. ; 

1% Is suggested that thesa^ exercjtees be checked by using 

X ' 

the graph of x— ^2 , . ' 



2 V 1.7 = # . 2-'^'^ ^ i , %herefdre, '/f 



; cc' = :i'.77 « 1.8 ^ , ■ • • » 

5". 2.64 = 2- • 1.32 m'?\ .■2-'*° = 2^>?° = 5<V ' hSno'e, .* 



Uglng the gfaph of x— ♦2^ one obtains oC'tel.4' 



quickly. Therv 2' ^ Is also rea^ off the grap|p as 1.3. . | 



'3. 6,. 276 F "H . ^1.569 « 'S^ . 2*^5 =J^2.,65, . 2.65 



4.276-0;6^ {22'65j-°-^ ^ 2-1.59 •^g-2i. 410,; ^l^l 

, » |(2-^ .* 2 «• 1(1.320)^(1. 00695) 
■^^^ • m ,Z3*m .3 ' ., ' ' , . I'"-. 

V. 5.2 = 4 . 1.3« 2^ . 2-38 = 22j¥ " ■ 

— «2^ . 2-15 . 2.04 ■ ■ ; . * 

- ■ «, 64(1. 110)(l. 02819) « 73 



( 



4-5 Tangent Lines to ^ponentlal Curves . . ^ 

^ It. nilght ^e appropriate at this point to review th§ 
methods for finding the slope of^a line, and^ thet equation of 
a^ilnev^. The slopes of the line7through. 



f 



^20 = ^1 



m = _ " , • _ provide X-, ^ x„ 

Xp — X-j^ ' , J. c 



20 
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The 



pqiktion qt'BL line ^hrdt#i'\ pX' ' and ■ P. is - y, = mf-x - 




s tHie slope. See .aectisn a-i; 

ixjferclsffs might Help In the recall 



j^ma IhOTnopf of the ItTOfi P, 4f .- and mre- 
'toc^tea -at ^ ^ ,* / I':;'' ■ ' H 

c) (0, 1), (.5, 1.3) 

d) ''-(0, =1),^ (.5, 1.3) 



-l,s f), ,C3, 5)^ , 
f) (tl, =2f. {%, %) 



4) 



g) . (-1, ^2)^ (^^. 

h) (0, 0), 1.3,. ^5) 
1)' (3. 7h (^2, 7) " 



III. 



Find the equation of the line on the points In I,. ^ 

t^j- ^ ^ _ - v' 

pndar what clrcj^s'tances^ ar^e the lipe|^' y ^ mx 0\ 



y = m»x + b» ^ (b- ^ ^ 

b ] p e rp i n d 1 dul ar ? 



a) para.llel? 



Solutions to Exercises 4-5a 
2 *- 1 



a) 



0 



d) 



1-0 



= 1/ 



b) 



2-^ - 1 
.1 - 0 



Pages 249-250 

7' 



■ '072 _ 
' .1 



1 -^0- 



.67 



2=:i ,-2=1 



.-.01 



- 1 



-.01 - 0 

( 



V 

, 0068 
.01 



4(L866) '= ,.933 



= '.68 



g.-.Ol ^ g-l 



■95 



,04 



« i(l,932)(l,028l9)- f 



^.9932 

A comparlsosi reveals that both' (a) and (b) gave larger 
i^esult^^ for ^ .6931^1 while (c) and (d)^ sava smaller results. 



• • • - ' % 
Average of values for k In (b) and (S) 

= .o'9b: which is very close to k« .693. 



.72 



,67 



1.39 



2. Slop.© .from graph Ji^ k«.693 



.f . X— = (2®)^ ='2^^. ^f we number the s&e for 
f . X— ♦a^ "from^ "D • to ' 1 .5, halving the existing scale 
on paga 12 (T.'C:), we get the graph of Vhm functlofi 
x-*it^. , (See page 1^, ot T.C. ) 

Slope for x=«-4^ at, (O, l) Is ,2k as the 
abscissas are= divided by 2 while .the ordinates are 

Jield fixed. . . 



Solutions tk.Exerclses 4-5b. ■ ' Pages- 253-253 

1 ' x-t*2^ has 'the slope k • 2^ aC- fh, 2^) ^ k « .69 . 

\ At 'Cli 2) the slope Is k • 2^,= 2k w 2(.69) = 1.38 ^ 1.^ 
'■ ■■ \. • V' ■ . 

You should gft ■ some'thing close to' from the graph, 

.„In u-sl-ng the graph,, use an' interval of 1 or 2 for the ■ 

' \ ■ ' ■ \_ f ' . • . '■ ' 

|abflcissa to ease your arithrartic. 



.■Absciss^ of Point Slope k • 2^' ^-^^^^j " 

. ^ , ■ .for X — 2^ at (h, 2^^) for fx — 



2 

X 



0 ' k « .69 

1 2k « 1 . 38 

2 ' kua '2.76 

-1 f ^ |k « .35 

-2 |k « ar 



3,. Che^ sraphlcally'-. Use the graph on page 12 of T.C. 
As thfr. slope of x-^2^ at (h, 2^) is approximately 
.6g, . 2^^,' the slope is positive for, real, h so that the 



4 



' 189- ■ ■ , : •. , ; , . \ 



^ rate of €han^ ^As, posit ive . Hence ^ the ]cate» of chauwge. 
of X— *2 ' 4s positive fon^ll peal x v and is never 
a ,or negative* T^e slope ,furictlon for x— is 2x. 
4 ; Hence the rate of change for x— ^x is positive zero j 

or negative respectively, , ^ 

if ^_ ' ' ' ' X h 

Tlfe slope of f i x=p*a at (h^ a ) may be found 



A, 



as -follows: 'the slope of ^he line containing -(h, .a^), 
a^d (h-+ is ' ■ , . , 



^ 7 a^Ca^ - l) ^ ^ l) ^^. 2 l. 



Hence, as u (or ocu) approaohes 0, the slope of the 
/ secant line approaches .CC a ^ k , which is the slopt of 
the limiting secant ^ or the tangent. It will be qcnvenlent- 
to write the approximation .SgCa^ where a = 
. as the slope at (h^ a ) . ^ 

, ■ , V ■ 

Solutions to Exercises 4 -5c Pages 255^^256 

1. We have^derived the elope at (h, a^), fpr f p-a^ 

as OC ka above. Hence, the equation of^he fc^iigent line 
V- through (h, a^) Is y - a^ = 0Cka^(x - h) where 
a = 2^ .and k « .69 . 

2. At (1, 8) .the slope of f • x-*8^ is found as follows. 
We have the general formula, slope = k cca^ « .Sgoca^. 

For this problemy the slope = k ffS^ = 8 oCk where 2^ ~ 8. 
■ Hence OC = 3 and the slope at (l, 8) Is 8 • 3 • k = 2'tk 
« 24( .69) «. 16.5 or '17' roughly. 



23 



190 



At (2/3, '^) we- get for a'ka^, 3 • iK; 8^/"^ = 3 • iC- 



4 



or approximately «3.3 . • /. 
f : Tc— p-(Vfi)^ = 2^^^ \' Hence oC = .5 slope at 

(I, 2) Is .5 • k -VF^ = .5k'. 2 = k . Hence, the 
equation of the tangent at (2, 2) Is y - 2 - k(x - 2) 
where k « ,69. . ' 

f J x-*-4^ = 2®^ so that CC = S. At X = 2, the slope 
Is a • k • 4^= 32k« 32( .69).w '22. . ' 
^ S The raafh on page 12 does not extend to x = 2 . 
We ma^j however^ f^^dVthe sgope for at x - 1 

which la 2^^ k ■ 2~ ^ 8k and then multiply the answer 
by 4, -^ If we do this we get 4 * 5,5 ^ SS approximately 
As the graph Is vei^ steep here It Is aGceptable to have 

an answer anywhere from 20 to 24 , 

h X 
We are given the slope at (hj a for x— p^a as 2a 

Hence , 2a =k CC •' k • a so that S = OC k or 
a=|«3i«2.9. As a -2°^,, a = 22A«'22-9 

\= 2^ . 2-,3 « 4(1.866) « T. 5 . Hence,, aW7.5,. 

X+B _ X 1 ) 

The Slope of RS = ^ 3) ! ^ - ^-^s " ' 

S - S - 

The slope of PQ » 1 0 = ^ g" ^ • 

The value of f : x— •a^ at' R(x, a^) Is a^ , Hence 
,the slope of. RS « (value of f at R) • (slope of PQ) 



h 



erJc 



8^ 



The slope o| the '.tine .oo'ntalnliig '(0, l) an(i (O.Ol,' k^'^^) 

is ^^-'^V- 1 i 2^-°g - i H 1.01396 :-i .01396 ' 

At 4p, ,1) the slope of the graph for f j x^4^ 
Is 'ak which Is approximately 2 (.693) ^'a.3B6. Hence, 
the error Is about .01 In 1,39' which is less than 
i percent , ' \ 

•It is possible^ to do this problem without th^. step by 
step graphing. Suppose the graph were made perfectly ' 
, and that^ the .sequence of points obtained Is (0, y^), 
(.1*72^* (.2, yg^, ... , (1.0, 0, y^^j^) , Then ■ > 

^2 =J^1 + 2(^1) (.1) - 1 + .2 = 1.2 (the .1 Is the abscissa 

difference.) 

- *3 = % + 2(y2)'(-i) = i.syg = (1.2)® 

74^= 73 + 2(y3)(.l) > i.syg = (l-.2)3 

■ y^^ = (1.2)1° . , 

JF The following table gives the coordlnatee: 



192 



9 





\ n ■ 




r 1 * 


. 0 ' ■ 






/.I 


I'.S , 


3 


.2 


1.44 , ■■ 




■ .3 


1.73 


5 


'A 


2 . 07 


6 


.5 


• ' 2,. 49 


7 " 


.6 


2.98 " 


8 


.7. 


3.58 


9. 


.8 


4.29 


10 


.9 


' 5.16' 


li 


1.0 


6.17^" 




-.1 


■f.^ .83 




-.2 


.*€9 ' ; 



Plot these polnt^. l^hen^ the- 
line confalnlng consecutive . 

"points Is dravm- for every, pair. ^ 
^ The set of lines then approxi- 
mately encloses the^ graph for 
f : x-*e^^ which wllL be \ ^ 
discussed In the next section, 
From^the graph so obtained 
^ on page 21"^ , for x = 1 ^ 
y ^ 6.2j approximating (not 
too well) e^^ (2.72)^ ^ 7.5 • 

In Ebcerclse 5, when x,= Ij , the corresponding point iC at 
7.5). Hence, y ^ 7^5 which Is approximately 'a ). 

This problem Is like Exercise 8, But easier.^ Using a slml-- 
lar analysis we get ' 

yi = 1 

yg = y^. + yi(.i) = 1-1^1 = 1-1 : ■ ^ 

'2 



^3 = ^2 + y2(-i) = i-iyg = ^1-1^' 



Yll = (1-1) 



10 



•as 



193 




-.2 



.4 



.8 



1.0 
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n 


n 


y„ - ( 

n. 


f- 






■ 1 


0 


- 1 


2 






■•3 


■ . .2. 


1 . SI 


4. 


,3 ' 


1.33 


5 




1.46 


6 


' .5 


1.51 


t • 


■ .6'. 


i.rr 


8 


.7 


1.95 




• 8 


" 2.14 


10 


V . 9 


2.36 


11 


1.0 


2.59 




-.1 


.91 




"■-.2 


.83 



-J-- ^ . .; a ■ ■- . ■ . .. . - : , ■ . _ . - 1 ; 

Plot these points. Draw f 
the lines oofttalnlhg pairs of 
oonsecutlve points as In Exerolse 8 
Wiese lines envelope the graph of 
' f r X— p.e^ which will be disoTassed 
in the next session. 

From the graph obtained^ when 

? . " ........ . . - .. , ...... 

X = 1^ y « 2.6 . This Is a fair, 
aptroj^-matlon to e-^ 2.7 . 



Solutions to EicerclBes 4-6 

,3 



, Pages 260-261 

(1 + 1/3)^ « (V3)^ = 64/S7 « 2.37 ^- ~ 

(1 + 174)'^ = (5/^)^ = 62^56 « 2.44 
(1 + 1/5)5= (6/5)5 - (l.2)^a 2.49 

(1 + 1/6)- « (I.l67)'« 2.52, off by a^out 0.2 from e. 

For n = S: 1+1 + 1/S ='2.5 ' 

■ n « 3: l+.l +1/2 + 1/6 w 2.667 ' 
. n « ki' 1 +1 + 1/2 + 1/6 + 1/24 » 2.667 + .042 =2.709 
n = 31 1+1 +1/2 + 1/6 +1/24 + 1/12,0 « 2.709 + .0,08 

• . • ' : , ' = 2.717 

As e = 2.718 the error = 0.001, approximately. 



The woPt^^tOT — n = 5 cbuld have teeri arranged In thr^^How- 

■ ' ■ ■ *^ .. , ■ ' " ' " . ■ . ^ * -■ / ' 

±0 manner; where 3rd line Is obtained from the, inlHlne 
by dividing the Snd line ;by 2. In general j Wit (n + i)th ' 
line le obtained from the nth line by dividing the nth line 
by n. Thus / . . 

•■■1 . : ■'■ ' 

■ ■ ' ■ ■ 1 " . . 

^ '.5 . ■ ■ . 

. . ... .1667 

• .0417 , ^ 

' . 0082 . • 



2.7166 w 2.717 



a) e'50 « 2.460 
,88 

.85 



e'®® w 2.340 + d 



« 2.340 



3/5 ^ d/i20 (d Is In thouflandtha) , . ' 
d » 72' ^ 
■ Hence, e'®®« 2.340 + .072 - 2.412 

■ ' • op 

This value f6r e" » 2.410 Is the better value as 
' It was obtained by ^slhg the Identity e a = e * 
In linear approximation It Is assumed that the graph 
Is approximated by a line se©nent In thfe Interval 
un^r consideration. As x-^e^ Is a rlipiaiy In-, 
creasing functlon|M^ Is concave upwards so that linear 
Interpolation would yield a larger val^e. Thus: 



] 



30 



Interpolation 
Value 2.412 




Exponent and 
Correot value 



.85 .88 

(Use tableB bn page ggg ) : 

4. '> a) The. slope at (l, e ) , of x-J-»e^ ' "ig e » 2.72.. v 



The slope at (3, e-,) 



of X— la w 20 



b) The slope of the line containing (l, ,e) and (3> e ) 

\s ^^^£^m^^^ ^ i%2M : 8.684 . . . 

c) In other words, as the slope at x of x-*e^ Is 

- ' , - ■ ' ■ * <* 

e^, we sepk a solution to e^ « 8.684. 

Using llneai: Interpolation, we get ' . 

.12J182 ■ 2.50 



7 . 389 



2.00 + d 
2.00 



64 



.793 



(d Is In hundredths) 

W13 ■ ' ' , 



Hence, x m 2.13. 
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Soiutlona to Ixerclaea 4"7a ' Paget 268-269 * 

■ - ■ • .'^ . ^7 ^ ^ " . ' . ■ . * • 

1.; We use^he forinula W(x) =^ WC0)2"^ . Then ^(g) ^ g"^ ' 

. so^that ° 8 ^ ^ g'^ | so that after 7.7 days , 

, we would expect 1/4 of the sample to remalri. , Note that 
we could have observed that after every 3.85 days we have 
1/2 left. Hence, after 2(3.85) days we would expect ^' 
(l/2)(l/2) = 1/4:- leftV " >• , ' 

In this problem we seek -|^!?=^a"^^ >hen T 
and. X = i3..4 and 80;4 /.oi^-';!?^,--^^^ = |. . ak , '^-^ : " • 

■ = 3. ^.refojl^. 2-3^ ^ .Vf 

3, '; We know W(x) = wto)2^^/^ wherr-^^I = 1 / arid we ^ 

seek T. Hence ^ =2' T or 2'- = a"^^-^/^ 

■ Hence, ~h ^ and T *^|^ = 3 . 05 minutes^ ' 

4. -Once agaln we use W(x ) « W(0)2"^/^ * ^® are given that 
V, when X * 1, -|||^ . Therefore ^ = 2-1/T- -^r ' 

T = i|S « 33 years. Hence "w(t) = 2 • g"V33 niiiiigrams 
after t ^ year's . ' ' 

: ■■ ' . ■ ■ . -r 



PRir 



32 



199 



^ 2 



leref ore , i« 1 C 33? js ' 



.4 



3. 36. 10^ 



.« 2 



Hence 



3.36 • 10 - 
and^T . 10^« 8.15 • 10^'- 



wf3,6oo) ^ iJim = 277' « 2 



.-3,000 



3 .000 

Hence, ,'2 ^ « ^ 



277 



-w.3.614 = 2 '•1.807 
■..85 ^ 0I.85 



^ 2"^ . 2 ■ ^ 2 



and 1420^^-l.85/ T = « 3^ ^ggo y^^^g 



Hence 



w 



,-x/l,620 . 



=2 milligrams 



^W(810) - 2; .:.gr8l^l'620 ^ 2 . 2-.5 ^ = ^ , 

^ 1,4 mill Isrsms. ^= ' 

'An alternate solution is the following. We have 

;277 =-:r3>ooo/*\. ■ . " 
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5' 



We seek W(8l6) ^ 2 • S 



200 

. : -810 



.= 2 



= 2 



*-2 



•= 2 



= 2 



810 

" -3,000 3,000 
(2 ) 



.27? 

.27T 
1 



81 



81 

10 



= .27^. 



.27 



1 ■ ■ ' . ■ 



3.614 



2 



(2 • 1.807) 



,27 



(2 



=2'^ft*1.4 approkimately , 
Hence, W(8lO) =1.^ milligrams approx. 



Solutions to Exercises 4-7^ 



Page 271 



nt 



If r ^ 3, n - 2, t = l8. 



1- = ^"tSoh) 

* A ^ 1000(1 + .015)^''^^ - 1000(1.015) 



log A = 3 + 36 (.00647) » 3 + .23292 



36 



A = 11,709.70 to nearest 10/ . 
A = $1,710 to nearest $1.. 

2. A = 1,000(1 + ,o675)^':*^^ = .;l^o6o(l.0075)'^^ 

log A = 3 + 72(.0032$) = ^ -f: ,23%00 

A = 1,714.00 to nearest : 10/ ^ ^, ' 

A = $lj|7l4 to nearest $ll / 
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J34 



3. As pe 



A,« l,000(l.649).(l. 
A « $1,717 . ■ . 




'ft* /J., 

If 5 place tables are used. 
km $l^Jl6 eorreot to nearest $1 



Sect Ion 4^8. It Is frequently' helpful in conveying the.-ldea 

of an 'inverse to consider functions with a finite domain. , Thu^ 

let f : x— •■y be described by the table 

4 ^ Domairi of f = {1, 3/ 4) 
3 Range of Tx= {2, 5, 3) , 



y 



2 



which we may represent on a graph as dots. 



5 
4 

• .3 

,-,,2 
1 






















/ 








— H 


'/. 
















)— • 












• 


/ 




J 










1 2 3^ 


\ 5 . 
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f"^- undoes what ' f dom , Thu^^f f ' se^ids 1 into — gf- 
sends ' 2 plght.back to 1. Hence, the domain of f""^ 



-1 



ir the, range of 'f/ Ca, 5, 3), and the range' of f . . is 
the domain- of -rf . "We may, write the table^for nf'^. as 





2 


■5 


3 




1 


3 





pictured on the above graph as circles. Note Ithe ''ByjTBnetiy of 



f and f 



-1 



with respect to the graph of y = x 



When the expression on the right side of the arrow Is 

e,, f"^ may be easily obtained from f. Thus, If 

X + 2 



X— *3x - 2 , ' then f~\ : x 



f corresponds .to the 



Instructions, "multiply by 3 and then subtract 2." To "urido" 
this and obtain f*^ we add 2 then divide by 3. This Is 
all well and gqod for simple functions. Howeve^/ this apprbach 

X 4' 1 

no longer works if f i » '^^^ g * 
.te f 



Tt we wrl. 



u- ^ X + 1 

X— where y ^ x + g ' 



when we seek 



wa v/ant to .find, the value of x that is associated with a 



particulai^ r'y. Hence ^ we solve y 



X 



for Xj obtaining 



X 



^- r 'VJe then UBUally write ^ f"^ i *^ Sx_-_1 



using 



X 



In place oX' "y".. ' \ '" ' ' , ' , 

VJe could check this result quickly by taking a specific 

value for x,' oay x = 0, and seeing • vjh^ther •f3te'''uTidoes 
, .... . . 
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What f " does. .Wius, f ; Q ^ ' q ^ | = f ®^ ^^^) V^. 

f should send 1/2 ^baok t# 0* l^t us see If It doas. 
f-*: > 1/g— » ^ 1 ^ ^^g^ ^ ° It does. In general 

we have (fl q;f)(x) ^ r^(f(x)) ^ ^^(^^ . ■ 



X -h s _ g(x + 1) (x + ^) 

^ " X + I -(x + 1) + (3r+ 2) 

_ gx •!■ 2 - X - g _ X 

= X : , ■ " ■ ■ 



Moredvep, (f o f )(x) ^ f<f'''^(x)) ^ f (-^ " j- ) 




In general. If f : x— .y = f (x) , then solve the equation , 
3^ = f(x) for X dn terms of y. This enables' us to readily 
associate with a given y Its x-partner' and thus reveals the 
inverse, f . Of . course, %lf ; f does not Jaave -an . Inverse, . ' 
the ,expres|lon obtained Jor x .In terms rf^ y will reveal this 

The composition of tvio functions, may he considered as 
following m succession two sets of instructions. , Thus, if 

.; . ; . f ^ X — »-3x ahd -'g : x— ♦x - 2 - , ■ 

then' (g o f) instructs us to, mu.ltlplj^ x by 3 and then , • .1 
subtract 2. V/e could then write (g o f) : x— *3x - 2. In 



3/ 



more oomplex cases It is convenient to '?^ri:te (g o f) (x) = s(f(x)). 
•In "this illustration g(f(x)*) s^(3x) = -3^ - 2. ■ ■ , ' 

In the 'composition of functions It is most essential to ■ 

Observe the correot order. tri'ur., .we found In our illustratloh 

that (g o t) : xt^3x + 2 However, • ■ ■ , . 

Cf o s)W= £Mx)) ^3ix ~'2) 3x = 6 
so, that (f o |):-,x— ^3x - 6. Hence, in general, f o g'y g o^ f . 

One might ask ,the quest Ipn, when does fo g = g o f In the 
simple case where f(}c) and g{x) are linear? You will find 
, in this case that the line-graphs of f a^d g have slopes 
both 1, or they Intersect on the line y « x. 

We may visualize the composition of two/functlons, f and g, 
as follows • / , ' 









IN = 




<l ^ ^ . 




<i — ■ —-4 

















(gofl 



where' the vertical lines represent nmber-llnts/ and the dashed' 
arrows the- oomDOSlte function \ (g o f ) . '•'^■^ ^ 



■Ref . : Appendices CEEE Cdmrnission pLeporti ,:195.q, Pates 8 ST- 
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Solutions tQ Exer&lBes 4-8 







+ 


71' 


h) 




5 
















3 





One may^ do (d) as follows I " \ - 

/-'.'vk.' 3 \ ^ ■ " ' ^ 

,Set^ y ^ ^ ^ 8 and .solve for x In tei^s'of y, 

obtaining x = ^ f ^ . y,-^— -^ equivalent to 



X 



X 



Alternatively we may wrlt'#iCTacc'esslvely 
. f : X— I + 8i - 

35c + 8 (replacing x by h 

^ • (replacing x by |) 

f r .y. _ g — •'x . (replacing^ x ■ by x - 8) . 
Hence, f t^' ;,. x— ^ j q ' . , 

a) x,= y compared with x— *-x + 7: < 

^■ .■ ■ " 

b) X m compared with 



c) x ^ ^ compar^d^wlth x — P.i 



1 i*' 1 ^' 

— compar^d^wlth x— i ^''^ 

y X 

4) X = 6 d^t^tred m.th x— ^ ^ a 

y " Q - * • X - 8 
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3. Let 



the- riumbbr, W-'X^^ .In^ruot^is given ■ 

l^e rhpc^^li^i^ the functions : to _ , , as ^^l6Tii^t 



^2 


5 




6 
















9 
























,1 



en v 
and f , ' 



-1 



o-f. 



-1 



4. ■ SuppdseAthe' digits are 'x; and y, and we pick x. Then, 



as 




S(5x + .7) .+ y ik^ lO^M 



a, riuinber with tens digit x ihd units digit y, 



-to • 



ERIC. 



4 0 



207 



5. ' f : x-i. 



ax - 3 
X + 4 



a) ffo g ! x-p. 



- 3 



.X + 7 



^ ■ gx"+ 14 - 9x + 3 



'C" . .3X 1 



+ 4 1 



..X + 7 + 12x ^ .4' 



f o g 
^-1 



■T^ 13x + 3 



Is found as'fdilows 



2x - 3' ■ " ' •'■ - ' 

Set y = ^ 1^ ,,and aqlve for» x In terms of y 

-1 

Slmllar»ly, g Is fb-und..as. foriowai 



X + 7 „ ^ y' .+ 7 
- 1 ' ^ - 3y - 1 ' 



and g 



-1 



■ X + 7 
^ 3x - i 
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If f'^f'^, then T o f' <^k' ■' . 

a /■ ax + I v , -, • o i 

^ ''gx - - a-x + a + ?x - 1 

„y , T . ___ _ — . ^ X. . Identically, 

2 - 1 . Sax + ? - ?x ,+ 1 • . _ 

In particular this holds when x ^ In which case 
a - 1 = o or a - 1 

2x - 1 

X + i 

Cheek: (f, o f) (x) = - 1 + ^ : X + 1 + gx;-.! : 



2 §3^—1 - 1 2x + a - ( &x - 1) 



so that (f o f) : X— »x • 

a) Suppose that f were not 1-1. Then there could be 

i 

? distinct x'e^ ^l ^^P^ f(x^) = f(Xp), 

conti^adlctlng the hypotHesls that f Is str^lctly 
Increasing. H^nce f is 1 -.1 and therefore has an 
Inverse by Theorem 4-%. ^ ^ 

b) f is stjKl&tly ""ttecreasing if^ whenever < are in 
^ the doma;lh;of*' k, r(x^) >'f(xp) "Cv"' 
o)' A decreasing fimction is 1 ^ 1. (The argument is 

similar to that fjlven in a.) Kenqe, it has an inverse 



12 



8 



^ \ , 209 - , ; ; ■ 

In this case, ,^ f is 1„ -■■ 1 \-Sn^.'has',,ag' ih^ Suppose 
:;..f were not 1 -. l,.. ?- Then the^^e, wouW.:!tee two x.'s, ^ Xr,' " 
Iri the domain of f for which f(x^) = f(xg)'. But 
then, we would have' a line parallel to, the x-axla crossing 
the- graph' of ,' f ' at distant points (x^, fCx^^)) and ' 



(xg, f(^^^. ^j^^g contradicts the hypothesis on f. Hence 
• f is 1-1 and has an Inverse, . ■ , 
9. The hardest part of this problem is to keep track of the 
various domains. . ' " 

a) We are given: 
•T (1) (gf)Cx) = X for each x In the domain pf • f: °' 
(?) (fh)(y) - y for each y , ift the domain of h' 

•If ,'fh)(y) = f(h(y)) exists, h(y) 'must be in the 
domain of f. Hence (p) implies that, fbr each^y 
in the domain of hy h(y) ±% in the domain of f 
and can therefore replace x In (l). We then ' 
have, for each y in the domain /of h: 
(Sf)(h(y)) » h(y) by (1) 

(Gf)(h(y)) = g{f(h(y))) = g((fh)(y)) , g(y) ty 
(?), and therefore 3(y) = h(y), on the dbmaln of 
h, by substitution. 

b) Just Interchange g and h in (a). 

c) If r and h are Inverses, v;e must have 

(3) (fh)('x) = X for each x In the domain of h, and 
(^) (hf)(x) = X for each x In the domain of f. 

Also, If tr^ and g are Inverses, vie have 
(^) = X for each x in the domain of r. and 
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(6) {Ef)(x) ^ K for each x in the domain of f. 
From (3) and (6), usirig (a), we have 
g(x) ^ h(x) for each x in the domain of h^ 
and from (4) and (5), using (b), h(x) ^ g(x) 
for each x In the domain of g. Hence g and 
h agree on both domains and must be the same 
function. 



Section 4 -^9 . Logarithms 

if f Is d.eflned by f : x— we have. In particular, 

3 

f - 3—^2 or f: 3—^8. Thus, under f, 3 Is associated with 
8, Under f^^ then. 8 la associated with 3, or f^" t 8-^3, 
' In general, f^^ : g^— ^x. This form is neither convenient nor in 
conformity with our way of writing a functldn. We prefer to write 
f • X— *y and represent y in some manner In terms of x. 

We get around this by using ^a new symbol, logg, for f""'' so 
that we may now write f"^ * x— ^loggX, Thus loggS ^ 3 is 
simply another way' of writing 2^ = 8, Students usually find 
it easy to understand by thinking of a relation, existing 
among 2, 3, and 8, as being expressed by two equivalent forms, 
logarithmic and exponential. In general/ the two equivalent 
forms are 



' (l) logarlttolo - log^ N - E 

(?) ■exponential ' ^ = N ^ 

both expressing the very same relation among 3, E, and N. As an 
^ Illustration, consider the problem of finding logj, 64. If we 
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set log^ = X and use the equivalent expor^ntlal form, 
4^ ^ 6h, we are on home ground and easily obtain x = 3. 



i 



Solutions to Exerolses 4 -9. 



1. 


32 


= 


2. 


•a , 


, a'" : 


3. 




- 10 


4. 


a) 


log. 




^1+m 

X = 3'. 32 approx 



Pages 292-293, 
X = 2,5 
2m = 1 + m and m 1 



b) logg 2.5 « 1. 32, h( 

c) log^ x<o foro<x<l checks with graph 



bg ^. j ^ J., jfi-, nence 1 < logg 2.5 < 2 



log (x . i) = log 1=0 
1 

X' 



log (x , i) = log X + log 

therefore log x + log (|) = o or log (i) . -log x 



1 

(~) - log (x^ . i ) „ log x^ + log (| ) 



= log x^ - log Xp from (.5), for > 0, Xp > 0 
Recall f • x^.a^, hence f(l) = a, f-l(a) =1, or 



log^ a = 1 



8 



a) 10^ 
i 



b) 2 

c 



= 35 
PR 



or log d = ■£- 
c q. 



hence cQ = rj f 



or possibly c' ~ 6^] 



[or log^ = b] ; 



b 



1 - .3010 = 



"10 
^990 

. 3010 



\ 
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10E;^0 = log^Q (^) » logj^Q 100 - log^Q 2^^ 

= 2 -'^k logjQ 2 5^ 2 - ir(,3'blO) = 2 = 1.2040 

= .7960 ' ' • • ■ , , 

■12|\ /256^ 



-100^ 



2^ 1 « 8(.3010) - 1 



~, log 

= 2. 408o - 1 = ,1.4080 



10. a) logg 5.5 « 2.45 ■ 
3 

b) logg (^) = logp :3 - log, 4 » log^ 3- 2 =-1.585 -' ^ 
• -.415 ' 



Solutions to Ex ere J. g es 4-iO 

1-. a) If ffP = 26 then logg ?6 , p 

b) If logg X = 5 then x = 2^ = 3g 
■ ... 1 



Pages 299-301, 



c) log^ 3 - 

d) logg (8 n.ie) = log^ B; ■ 



+, IbgglS' = 3:+; 4'.^ 7 



a) 

b) log 



lOg-j^Q' 1000 = 3 



X 



.Oi '^^^ " hence .01" = .001 or 10 

or -2x =-3 and x == 1.5" 

i = - I = 

C) logg (gi) - -logg 81 = -logg 3^ « =4 

d) loR^ 32 = log^ 2^ = 5 logi^ 2 = 5(.5) = P.5 ' 

^ , " log^ 5. log, 5 
a) 

b) 



«= 10' 



^ log^ X 

3 " •= P ^ 



or 5 f 5 = X and 



K = 10 



0-jq(x" - 1) - o Ios^qCk - 1) = log 3, 



c 



4-6 
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lof^j^i^ r 1) + Ioe^qCx - 1)"^ ^ log 3, ' 

1oS;L0 - I = log 3, . 

' ^°SlO 144 = log 3, . , ' , 

j^- +■ 1 - 3, and X - 2 
x> 1 

^) 7 ^ - 5^ henae x = 7 

^iln 10)Clog^Q e) ^ jre4 lO^^^^O^^ lO^^^lO® 



Hence /n(10 -^^ ) . ^ © 

or (loSio 10) = 1 

a) If log„ X = 0, X = 1* 

b) If loE^ X = 1, X > 0 

log c 

c) I^X ^ = C, X > 0, x / 1 

d) If log^ 2^ = 2, 

^ = ^ and (xS)^''^ = (P^)2^ 

11 
• or x^ = -p^ 

.'. X = X = See Misc. Ex._^P, 310 #36 

log^Q 5 = log^Q(i|)..= Idg^Q 10 _ log^Q 2=1- log^Q 2 

Hence (log^Q 2)(l - log^Q ?) =\?10. Let y = log^Q P 

Then y(l - j-) = ,210 . ' 

P _ 
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8, 



But log^p 2 < .5 as 2 < 10*5 = -/iQ. 

* Hence = .3 



or log^Q 2 = ,3 



(approx,.-) ■ ' . 

If f : X — 1^ f(S>^i; ^|3)h and f has no inverse. The 
log^ Is the Inverse of the, exponential, x— ♦a^. 
log^Q X = X has nd solution. An easy .way to see this, is 
to graph .y » X, f = log^^x. The graphs do not intersect, 
(See Figure 4-9a.) 



'10 

Also, if log^QX = x 



then ^ loSio ^ = 1 



or log^QX 



1 

X 

1 

X 



= 1 



or X" = 0 

and th^e is no real, x satisfying this 
equation. 



(/n In x^ 

or '.'f^;|c)^ = ?l n(x) 

If ik%^m 2, X = e^ 



j'.^ S^ftlon Set » Cl, e^) 



V -v ■-• ■■ 



\ ' -.1 



fvL, *■ ■fx. ' ' 



X^^k. ^ 17 -6 yrs. or 18 yrs. 



.30103 
.00395 

yrs. 



■ 301 301 
.013 13 
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11. 



IS. 
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2N = N(l + ^ ,-1) 



2 ^ (1 + .OOSSx) 



40 



llg^o(l + .0025X) = ^ -30103 



To 



|§S « . 0075S6 



1 + .0025X « 1.0175 . . 

.OOSSx « .0175 , ■ 

X w 7 percent • 
In particular, the chapterj "The Next Generators of Compu- 
ters", makes nice ,^roJect Sot a student to report on. 
i. i ^ 
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Miscellaneous Ecerclses 



a) N = A e" 



n 



2A = A e 

n « O.^l^^k) 

or n = 2.. = k. 

b) Ratio = e Hence percentage Increase 
- 100 (e-l) « 172 percent ' 



f(0) = ca° = c = 2 

f(l.5) - ca^-S = 2a^-5 ='54 



-Hence a^^^ =27 , a = 9. 



f(2) = a = 0.S5 Hence a = 0.5 



^ 2 



a) e - :^ 

b) /n(e^) = X 

s = a - ar^ 



r ^ 1 



1 - r " 

ar" = a - s(l-r) 

/ 

T ' n B ( l-r) 1 • 

" • logic [1 - r-y -^^ 

losio n 

a) /n ab = /n i + b = 3 + ? = 5 

b) In a '/n b = 3'2 = 6 

c) in ~ ^ in& ' In b = 3-2 = 1 
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d) . /na 3 

e) I'm =2^na = 2*3 

f ) (^na)2 = # = 9 



» 6 



, Pa 



a) X = 7 

b) X a 2 

c) X - ii 

d) X = 7 

s.0.3 „ r. 



Hence . f||) 



Q.3 log^a 



loo- a a 10 



a.) In 3 - In 5 + 2 { in 5 + In 2) - {In 3 + 
= In 5 



Alternately, /n(' 



b) /n(x2 . i 



ITT 



2 

T 



ll) =/n (x^ y 12 



128 = 87/3 

b) (l 00(^3 =10 

c) (sf = 9 

a 

d) (3/27)3 = 2/3 

e) (0.1)^ = 0.01 



12. 
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-r'..* 








b) 




(0.01) = -2 




"I 




81 =V3 








(0.008) = 


3/2 


e) 




K= lA. .'^ 





■4 



13. g X—* log 

■ "'M-. ^ X 
S • in) — " X 



1/2. 



-1 



-1 









1 


















•■2 


1 

2 ...^ 










*1 






V*. 






1. ■/! ■ 




3 


8 


1 v.; 
ft 5 . ' 






0 ^ 


1 


1 ■' 






-1 


1 

a 


2 






-2 ' 


1' 


3 ^1 




li^. 


^le 


graph 


s of X— » a 






Dect to tlie y 


- ax 


15. 


a) 




2^ and 






' the 












X 






u) 


X— ..2 


and X— ► 2^' 


lo. 


a) 


(fz){ 


2) - f([s( 


2)) : 




b). 




2) p^zM 


2)) 




ana 



.-X 



X— - are syimetric v;lth^^ 
are svrrmetric v/lth respect to 



= 512 



38 = 
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17.' 



+ 1 



9^ - Es(x) J^-=-'|^^^^^^ 



13. 



i 



19. 



21 



mOfi'^ ? I a p e * 

P = lOp'e 100(0.779) s 77. '9; 
" P = $ 7?. 90 « $ 78 • ■ 

aoo = lop-'^i '+ ^/looi^^-. 

X .« 100 ( 2' l;.H\iX 100, (1 .p7^^ i) 



S(x)] 



w '7.2 



Rate is abput 7 perc'enti,; \ 

12x 10 



20. 2a == a (l + 



2 = ll^) 



100 X l^S 

lao- 



) 



12001 



(1 



X 



laoo' 

Henceii^;.w' &. 9 ,. Rate 6.9 percent, « 7 /percent 
= 100 e°'-5~ (i '.'a84) ^. 128. if 



100 e 9^-05) 



Answer: $128 
2P = P grt/lOO 



r 



t/lOO 



IPO in 2 m fag. 3 



a) 
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23 ,1 yr. « 23 yr, 
11 . 55 'yr. ^ 12 "yr . 
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23 . Since 



24 



,.'2 5-. 



logvj X sjlog^ x) (log.j^^ a),,„(los^b 
= (loga c) (logg d) 



= log 



a d 



e = 



logglO 



/nio 



W7J 



•II.- From 'Ikbles ' ' 

• . ■ IoSj^q'' 2".-,T13 ^ 0,h3k3 



logglO 



■'.''3.3S 'i ■ 



• . 1 + X 



1 + X 



■e ■ . and 



X =. - (err) 








2&i^)' ' 'ijbtSo t4A - a) x] a 


logo 




and X > 5 , 










X = H or -2 : 








Since X > solution 


set J 






Li) 10-.. [(X ;h 9) X J - 






and X > 0, 


= x; -""^ . -^^-^ ^ u 








K - J or -12 ' ^ 








" Arls w:er : . x- , ^ U 
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I 



^ 26 . : . ( c) loggC B) X logg 4 ■ X ^ 0 

' ' i ' ' ro pl t l vQ roo t !^ 1/2 



EKLC 



27: L#t 2^r<> 

£2 



J 



Then 2 y ^ 9*3^ - ^ 

% - ar + .2 ^ 0 



Hence 



y =*i/4,| or y ^ 2 
K > -2 '^r 1 



- ^ 



means 



- 6 

XrKL 



I whoe^^Bplutlon Is x = -2 / * 

t . r . "' ' ' 

®it £or. 3c i -2, (x-4) and ^n|x+l) are^^deflned. 
29. a) if- ^2* = 23*"1 , X - 3x - 1 imd x * l/^ ^ 
Intersection occurs at (1/2, v^) • ■ 



b) " .See 

c) ■ 2^^"^ ^ 



1 — : m 

* Hence, ^r -1/3 5 x < ^ 



the values of 2'=^"'^ are 1/2 "the values of 
# 2^ on thd Interval - 1 ^ x - 1 



^^^^ 



/ 



30 



223 



one to one 



No 



■0. 



all x>eals 



Yes' : 

No ■ " 

<3) all reals ' ' Yes 

T0 flna the range In (a) ;^olye y ^ 2* + 2"* for 2^^, 



Qbtalnlng ^ m y ± v^-*y^ ^ 4 



Iniar^ case y > o. Since 2* must be real, y- ^ 4. 
Hence y - 2 . 



V A Blinllar dlsoiiBslon be made for (o)* 
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.;31, The step "from line 3 'to line 4 is fallaoAous, . 

""\ slnqe either log (a-b) or log (b-a) ii meaningless 
because either a - b '<o or b - a > o* 




32.-Jie.j:ate of change of 2* is k 2* 
The rata of ohanga of' 4x + 3 Is 4 



at X. 



k 2* m'H m 2' 



2*-2 = 1.443 « 2?- 53 



Hence x - 2 « 0.53 
X « 2 . 53 



r . 
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,.V 33. If ;-(2^,}v:;*«.(^Xf 



' . / I. >> S > ."i ! ? 4 • ' J • ,' 



3 B a and a - 3 ' J 



34. 



If ':i^»(jcty) f/^n x + y. 



and a ^ ' 



-j: must be an Integer. 



' 'i^^slbllltiep a -1^ + 1 and 3; - i - - ' i 

.■.t^at'.is'i./.- x. ? 2 . and x- « 6. The'.-aast value must be 



■ ' M^fe^e^d"B|Lnee /ii o does riofeU^J 



^ Whan X = 2^ y - 2 



35.^ a)' /Se^ graph 
: ;/ Vd) : tour;, four 
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36. 



We take b > a. 



An obvious solution is a ■ 2 , b - 4 since 

2^ - 4^ ^ i6. : 



It is not hard to ■Bhow that thero can be no integral 



solution of„ 



unlfess both a and %: are poaitlye, 

Tal^ng logarithans to thB^^sa e y^i^ 

h In a ^ a i¥ , ^ 
or In a I n h ^ 



On the graph of y = ^ we are Eeaking two points with 
the aame^ and wlt'H x an Integer In eaq^ case. 



The graph of y ^ 



In X 



rises from ^^^6 at x ^ 1 t© 



a maxiimim for^ x somewhat less tham (aeiEually at 
X ^ e) And then deoreiiBeB. If there are to bf two points* 
on .the s^e level one must be to the left of x ^ 3v^ Of 
the poeelble Integral valueB \ x - 1 n^/be exeluded 
immediately^ leavihg only x ^ 2 -tor a; possible a^ ^ wl \ 



know of course that this works, 

In S ^ in 4 , . 



Indeed 



# 



0 
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Illugtratlve Test QuaetlQns ; 

1 .. If In a bacterial experiment there were 50 , 000 bacteria 
/ at noon -TOd 73,a05 at ^ p.m. of the, day, . 



how many baotarla war© there at " ^ 

(a) 6' p.m. of the Bame day^ atnd 



8 %,ni. of the aame^iSf^? 



2. if tha rmmber of 6^aetarla at 1% given tty ^the 

elation llf;:^ 300^^^^ ^i^^ > 



(a)' the numhar presant when t ^ 




(b) ^^;bhe nu^er pr#iant whan t ^ - -j: 
(o)^ th<p tj^^mfe^^ aptf^-3l^250. pr#sent* 

ilyaluate (a) ^^^'^^^^ {i\ (l6V3 gg^^V^S^i^f ^ - 

ferange the Allowing In otfdei' pf magnitude ^ ag^eelHg^that v^ 



(a) 



(b) 2? ; (c) 3^ 



5. ' Using Tibia 4^2^' cdmpute 



(b) 



,-2.70 



• ' (0.125) -5 -55 

6. Using Table 4-2/ compute 

\ (a) 

(b) (0.87)3-5 
(0) (0.66)-'^-50 



I- 
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7. Given the fuhetlon f t x— ^3* Mid the points / 
. A(o,l) , B(l,3)," C(a^3^j and D(a+1, 3*"^^} on. the graph \ ■ 

of ' r. ■ pind.': . ' : , v ' — , / ^' ' 

(a) the alope of AB ^ ^ 

(b) the slopa of CD - ^ 

(fe) tha,^alu% of a ^ f ®r vrtiloh the slope of , * 

Op ^ "tlmi^-^he elope of AB* 

8. Given the funetlon of f r^— ^ find r-' ^ - . • 
(a) the slope of f at x > 0 ; . . 0 * 

% (b) the sldpe of f at x =.1 ; 
: (o) the alopf ^ t^^ lltte throiig^^^^ and 

j^VU^"- !^ - Use/.ji?'*'^bi^^^^^^^^ approximatidn,-i'^;V^^^ ; 

Using k m 0.7/ 4s ;ari sapprbxlm oompute the elope of 

the tangent to the graph of f : x— *3 (2)^ at tl^ pol^s 
(0,3) and (4,48). ^. 4 " ^ 

10. Using Tatile 4-6a, coir^ute iv. • _ 

• (b) the slope of the cmrve x— ..e'^' at (0.3,^°'^^ 
^) the slope of the-secant through .(0.3,e°'^) 
' .^^ . and (0.32,6°-^®) . , ' 

11. (a) The^ half -life of a radioactive substance Is 4 days. 

What fraction of a sample of this substarioe has 
" deoomposed after 8 days? *, " 0. 

(b) If ^ of a radioactive subj^^oe- has decompoBed - 
after 3 days, what .Is Its half-life? . " 

12. If 1200 amounts to f 32,6 . In 7 'years at 7 percent, 
compounded mwithly, what will. 1200 amount to In l4; years 
at the .same rate of interest? 



■ ' v' ■ ■ ■ IT : 

Qlv«n f j ♦Sx and g : 35— ♦Sx 



- 1 



find 




n . 



(a) ; (|og)- 

(b) f-^ o g-^ 



-1; ■ . 0 *. 



■ ; • (0) o 

14*; In the figure at the 
;*aS*c A ! ^is the gpftEh'^df, 
function 

' If itro^. ,B Is synmiatrlQ to 
- • A flLbdut the line ^ ' 

wh4t f^inctlon is B the 

1 Igri^ of? 

15; ^^p^ess each of? the followljig In txponentlal form^ 




(a) logg 16 - 4 , 

(b) log^x^+ log^y - z . 



16, Find X In each of the following i 
> (a) log^^ /r - x;. 



1 



(0) log^ (3x2) g 5^ 
17. Olven *n a - 3 and In h = 5 , cbmpute' 



(a) In a% 

(b) In (i^ 

(c) (/n- a)(/ n b) 



(a) ./n a 

C ^ nb 



233 



18. . Given the fOHctions f 5 x-*2^ Md''V|ptix'^^ 

find ^- ^''^ 

^^^^^^^ ■ V:.v : T;' 

19. Solve for X 
^ . , ta).'^g(x-4) + ifegg(x+3) ^ 1 

(b) I^i-LgCSx+a) + log^g(x+l) * 1 

20. Solve for x s 



ERIC 



2, 



Test eueations. dhapteF 4 ' 



J 



8oc« 0.55 
a*« 0 . 069 

' N ^-#0,000-2 



00b . 2° • 50 i 000 (1. 32 



(a) . 5Q,00b.20-0S9'6> 50, 

(b) 50,000.20'069'20 ^^^^^ • : 

« 50, 000(2) (1.275) (1.02101) 

: ^ ; « 130,000 ■ • ■ 



(a) 

(c) 



1 

1 



500,000 



gl . 5 ( 1^) ^ 500 , 000 • 2^ ' ^ Si, 000 , 000 



500,000.2' 
31,250 

gl.5t 

i;5t 



- 250,000. or 
^500,000-2 



1.5t 



^ .0625'= 2 



-4 



^£3 



■1?' 



.00695) 
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4. (a). 



2 1 



8 



(a) • 4^ti8" ) = ^2 -(2" )-* -'2n . 2 



■:2 



^ 2^ ■ = 4 



-4 .3 



(b) (iB-^ ^f) " - 16 ^ 25-^ = -2"":f 25.^412 



2 ■ « 2 



81:. 



1 



1 
1 



• i 



m 2 



The expresft^bna given increase in the order (d), (e)i (c), 
te)T (a), ; 



5. (a) ^S-^-^S ~ 2(1.803) « 3.60 ^ 

(b) g'g-70 .g:|E ^1.231^0.154 

(Ovi25).-5-55 V (i/8)-5.55 ^ (2-3j=5.55 ^ gl6.65 

i ^ . : « (65,536) (1. 569.) ' 

Ri 103,000.- . 

6. (a) (1.11)2-^ = ^2.15)2 A ^ 2.36 -^ (1. 275)(1. 00695) w 1.28- 
, jb) (0.87)3-5 - « (l.l5-)-3-5 « (2°-20)-3.5 . 

. (c) (0.66)=^-5 « (l.5)'^-5 « (20-V'=^,= 22-7 « 6.5 
'or « (1. 53)^^-5 « (20'fil)^-5 . 22-75 

, ' ^) ~ (1.682) (4) w 6,73 

7. (a) 3^ = 2, (b) -3^ . 3^,(3^1) . g-ga - 

• '■■ ' . 

(c) 2 • 3^ - 9-2 , 3* = 9 , a = 2 ' , 

8. ' (a) k « O' 7 (b) « 1.4 (c) |-| = l 

9. f'^ • X— 3k(2)^.(,a-) f' (0) = 3kw2.l, (b) f' (4) = 48k 



33.6 



10. (a) e"^^« (l.350)(l.020) « 1.377 

" (b) f' : x=-^d , f'(a.3) = e°-3 w 1.350 

(c) ' 1.377 - 1.350 = 0.027 - 1 -5= 
' ^""^ 0.32 - 0.30 0:02 =^-35 



( 



-326^=200 (1 + 

X = 200% + ^)168 

n 'moo 



3|| = (1 

ICU 1200 



X -.2^ (1,635^ - 531 ^ 



X ^' /326)^ 
200 ^SOO- . 



3^' 



(a) (fos)-^l : 



(b) 



H (fog) : X— •-6xr2 



f o g 



fa 




■4 Q 

9 the graph'*lndlcatea» x ^, Oj x = y2y-y2 

Tharefore f"^ is f"^ : jd^^-^y^x-x^ , x-l . 
= 16 



slnei 



an4 



. - » 
log^x + Idg^y = los^xy*= 



z 

, so, a 



(b) lOGgj^ = I 

4.-- 



:25c 



3' 4 



0 
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logj^*( 3x J 


=. 5 




- 3x2 


- 3x^ 


^ 0 • 


x2(x3-33 


= 0 



4 



The r%al roots are xjo - and ^ and only 3t 

% _ ^ * 

fltB*in the original equacbion. 

? (a) a b = 2 ^na + ^nb = 11 ^ 
% (b) /n(*/t2f,« /na - S /nb = =7 ' 
"(c) (^na)(^nb) = 3-5 = 15 

(d)' InJ^ =Hlnb)(lna) =15 . 
^na 3 ' ■■ 



18'. • If lo 



58 



Si^c = y , then x = 4^. - 2%/ and log^x = 
Hence logj^ = _! i-log^x , and g Is also x— log^x 



e' J, ^ (a^^ (£°S)® = f(g(3)) = f(|logg3) p 2 



(b|# (gdf)e)= g(f(3)|= g(a3) =1 loggSS =3' 



ilagp3 logp3 i 

1 



4 



If y ^ 2 - , X. ^^logpy , ^nd we have 

" V -^1 



^ Simllarlir . if y 



loggX , X = 2 
t : x-^2 - 



. ^and we have 



-1/^6. 



(d) (g-1 or.l).,(3).^ g-l(lo4 
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U) . iagg(x+4) + losgCx+S) = logg(x44)(x+3) =1 

(x+4)(^+3) = 6^ = 6 

X® • + 7x +• 12 = 6 

X + 7x +. 6 = 0 

(x+6)(x+l) = 0 ' 

X -6 , -1 
But neither of the original logs is 'defined If 
so we have only x -i . ^ 
(b) ^oSif (2x+3)(x+l) =1 

^^ 2x^+5x+3 = 15^ = 15 
gx^+5x-12 = 0 
(2x-3)(x+4) =0 

X = I , -4 . : 

We i^eject the -4 , as above. 
Divide by 4 = 2- : - ,^ 



Set y = '2^ i then y^ = 2^^ , and ' 

'2 - 3 

y +7+^=1 

^ ■ 2, - . „ 1^ ' S 

X < 1 

Since y = 2 , we exclucle y = - ^ . 

The only root is then 

3 

X o logg ^ =,log2 3-1 



r^' Chapter 5 
CIRqULAR PUNCTIONS ■ 

Introduction 

As mentioned In the introduction ^ to this cojpn|entary^ our 
treatment of circular functions ass^^es that the student h^s al- 
ready completed a short unit of trigonometry* We assume that 
the -tudent Is familiar with, the angle functions ' and their inter 
relationships; the simpler Identities and equations j the trlgS- 
nometry of triangles j the elementary facts about complex numbers 
and the use of tables. We cover some of tHese topics again but 
so briefly that we cannot reasonably^ expect a student to master) 
the material' solely from this treatment. 

The objective of this chapter Is not to study the subject 
of trigonometry in all detail. Rather it Is an attempt to give 
the student^who has Just studied polynomial^ exponential and 
logarithmic functions some familiarity with a completely new 
kind of function, one which Is periodic. In the process^ some 
of the ideas Involved in elementary trlgonometijy will become 
more meaningful, through viewing them in a new light. 



Section 5-1. Circular Motions and Periodicity 

The emphasis throughou| 'is on the periodic properties of 
"the circular functions/ l^e ^^'^thK felne and, coilne. In beginning 
the chaptir should emphasise that we shall talk here about 
functions v^cn differ from those we have previously studied In 
that they haw, the property' of periodicity. 
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One good way to visualize a periodic function Is In terms 

^ ^ .. " 

of the machine developed In Section 1-13. If the function de- 
picted by the machine Is periodic^ then wheii x, x + a, 
X + 2a> X + na^ are dropped into the hopper we obtain the 

same output (f(x)) in each case. In the next section we speak 
of laying rectangles containing one complete period of the 
function end to end and you may wish to use the Idea here in ^ 
order to illustrate further the meaning .of periodicity. 

The use pf the u^ v ^and x, y planes which we employ 
may be a source of difficulty at first. We wish to talk about 
the unit circle with whleh we define sin andvcos^ but later we 
shall need to display the graphs of y = sln^ x and y ^ cos x 
on an x, y plane. Since we are using ^ for arc length (to 
obtain the rsmiiil^sin x and cos x) It would be easy to teach 
the student to vlsuallzd^^x as both the horlEontal axis on the 
plane of the unit circle and at the same time as a length of 
^Ircular arc. We feel that if care is exerclped at th| time the 
transition Is made in Section 5-^2, the use of u and v Is more 
satisfactory than trying to get ^ x to wear two hats in this 
section * . ^ 

A more exact way of? defining sin x and cos x is by a 
Qomposltlon of two functions ^ one from the set. of real nujnbers 
to the set ^^f geometric points on the^-unit circle and the othe^ 
from the s%t of points ©n the circle to the set of real numbers. 
Thus^ if. X t R and if p is a point on^ the unit circle, we 
have a function » * ^ * 

.5 f . x=^p ' ^ 
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and another function * . - 

^ ^ ^ ' ^ S ■ P ^ cos- X 

from wjhlch . . * " 

' » '/^ ' ^ . sf o g. :^x— >cos X 

and similarly* for the sine; feeli however^ that the way In 

.Which we have handled It In the text^ while possilDly less rigor- 
ous. Is certatnly^easler to teach: Qjnd if parfe'ctl^' adequate for 
our purposes . ^ ' , / . » i > < 

' * The fact that cosine and sine are r^e&i fuhGt3,ons/phOulrf^b^^ 
eraphasizeid. You might pointy Out . to t^% student thai^^howhere^^^^^ 
this section- have we used an.^ anglf^ and although: we ha^ Used ' . 
the concept of arc Uength/ sine /arid coiln% are ebmp|.eteiy dl- ;/ / 
vorced from any geometric QqnB4deratlon^. , 'They are functidris :'on 
the set of real numibers in the same senste^^ as ipolyriomlals^^ 

when we speak ofi sin ' - 
gl#r ^Sometlrttfetf they^^^ 
re or radian i'measi^ii^e of ' > 
ave no ^ni^^ction with .ah '' ^ 

' % 4i : " ■- . - . ^ 



or exponehtial I^hct ions . 
the students \f eel that , A/ mus 
think of A Its being the d^; 
arp^angle, but the idea thafi 




angle'^ls usually very ^trang^^g^^j^ 
ExerclsiBs 5-1- i 




/ The exerclsBs le^«in- the' rxotion of Kff'W:^lmtey .* TM^^B^ 
ii^pt arifflcult. j^ve starred ixercllW'.^f slnl'l*'l;hey 



require more insight . ®ian tfi^ pthers,^j^v|4f Problem. 7a is not 
ap'S^ngd^s ^dfeew^rk^ it shbuJd be covri^^^ in class ^ . since iJhii 



MlaMpnshlp. is, used :ln Section 5-4, 
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Answers to Exerolse^. 6-1 

1. 



The rotation of the earth about ^M^*^ every '365 days. 



The^phases of the moon. Perlo^^^-^^^ 29^ Says 



The swinging of the pendulum of|^^iook , For a grandfather « s 




olock^ the period 1^ usually .^^pconds , 
The oscillation of a piston in^^^^te engine or Internal 
combustion engine. Period de^^tis upon speed -of engine. 
The alternation of A,C. elec^^^ cui^rtnt. For 60 cycle 
current, the period Is l/6o.,4^o:ny^ ;^ 



psclllatlon of vacuum tube^.v^^fera^laohf '^of strings of musical 



X instruments (sound waves a| 

3. - a) p(-f) =::p^.^^^^) . PC 



nfral)\j:.j€ 

1^. 



TT + 2ir) = P ( w^) j 



P6f - stt) « 111) 



mi 
• ■Iff 





p(o + 203§;^^p?^:.E(o)- 

m 



d) 



2Tr 
Sir 



0 
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*6. a) sin 2x ^ sin (2x + 2ir) from, perlodloity of sln^ 

- sin 2(,x +,7r) * and the period is tt, 

b) sin m sinf^x + 2irj 

^ sin ^(x + 47r) and the period is 4ir. 

C) COB 4X m cos (% + 2w) u^-^ 

= cos 4(x + ^ ) and the period is ^ , 

d) COS = cos^'^x + 27r^ 

, = COS .|(x + 4Tr) and the period Is ^w. ^ 

a) f(x) = f(x + a), g(x) = g(x + a), aiven. 

f (x) + g(x) = f (x + ^) 4 s(x + a) . Addition Axiom, 

(f + g)(x) = (f + ^x + a) . By definition, 

/.-f + g Is periodic with period a. By definition. 

b) f(x) • g(x) = f(x + a) • g(x ^ a) Multiplication Axiom 
. (f . g)(x) = (f • + a) Definition. 

f • g is periodic with period a. Definition 
# / 
*8. f(x) = f(x + a) Glvan. / 

g(x) = g(x) . if g is defined at x. 
g(f(x)) >. g(f(x + a)) Substitution, 
(g o fXx) = (g o f^x + a) By definition of g o f. 
.'.go f is periodic with period a. ' ^ 

*9. By definition, cos : x— j u = cos x * 

, sin J x-^ V = sin x, where (u, v), is any 
point on the unit circle and x is arc length. If ^ 
X + a < x + 2Trf then 

(cos (x + a) , sin (x + a)) / (cos x, sin x) ^ (u, v), slnQr»f: 
the coordinates (u, y) are unique. 



2hk 

5-2, Graphs of Sine and Cosine 

The rectangle device used here be a very useful one in 
teaching, the student to graph perlodl^ fwictlons. By establish- 
ing the period a^d amplitude visually It directs his attentlon^ 
r'^to^a specif le area of the pl^e with respect to both the domain' 
and range of the function. ' 

We use the geometric argument to obtain speclflo values of 
the functions^ because it *b the Simplest and most familiar 
tool available to the student," We hope that you will emphasize 
. the symmetric nature of the unit circle and thait the student 
will be encouraged to use symmetry considerations whenever 
possible. 



/ 



Exercises 5-g ' 

The exercises develop some simple symmetric properties of' 
sin^x and cos jc, and lead the student into understanding the 
effect of the constants in y - a sln(bx + c) , 

Answers tp Exerglses 5-2 
1. a) f(3F) » f(^4,.^,^ Ij 
. b) f(l|) « f(|) =.1. 

") f(^) = f(|) = 0> 
a) r(2^) - f (|) = f ; . 

e) f(= Ttt) = f(7r) = r 1; 



4. 
5. 
6. 
7. 



8 

9, 



245. 



2. a) f(Tr) Oj . 

. c) f (|) = 1 J 
e) f (tt) = 0 j ' 




f) f(% 



a) 
to) 

-} 



X = 



X = 



3ir 



\/3 



5t 



+ 2n7r 



X = 0 + Smr, F + 2n7r x = SnTr,' (2n + l)7r 

For all values of x. 



See Oraphs . , . 

See Graphs * " . ' 

See Graphs , 

a) The values of the ordinate are multiplied by k, 

b) The' period of the graph is ^ . 

c) The graphjis shifted to the left by the artount x k 
cos(x ^ s sin X, 

AT 

a) 




P^^ and Pg are symmetric 
with respect to the origin 

- P(x) ^ (u, v), 
Pp ^ P(x - tt) ^ P(x + . tt) 



Hence, oos x ^ - cos(x — tt) = - cos(x + tt) , and 
sin x ^ '^sln(x ^ tt) ^ - sln(x + . 



9. b) P]_, and are symmetric with respect to the v-axis. 

. P. = P(x) = (u, v),, . . . " ' 

• . P^'= P(- X = P(. x + f) '= (- u, v); ^ . ' 

. ■ . " Hence, ^cos^^ - cosC- x - ir) - - .^qs^^x + tt) , 
and sin X = s#Ln(- x - ir) = sln(- x- + ir) . ' 

-5-3. Angle and Angle Measure 

^ ^hls Is probably review material for mo students at this 
level. Formulas (1) and (2) are the standard radian-degree re- 
lationships and the exercises are routine drill In going, from 
one to the other. .The paragraph devoted to the relationship 
between' the angle and the area In its Included sector wili -be 
used later to evaluate the limit, of ^ as x approaqhes 0 

.Answers to Exercises 5-3 ' 

i — : — - — ■= — ■ . . . 

i, a) i20° d) felO° ■ , g) . 48o° 

b) '30° q) 366° \ , . h) 648^ • . . 

c) -l20° f) '•150°- ' ' 1) ' 585°"'- , . ' 

I b) .^-f ■ e) Hi . , " 19Tr 



r^ 9/4 , 
. 4... ^ =^ ^ ^3/g)T • ^ . .37r, square ilits.^ 
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A 



5. J.), Since' ■ 96^^ 100 "unla^ i^V*^ "units." 

•••^ ' » ' " ■ ' ■ " " ' ^ ' 

b) Sinc^''''|-^ 100 "units % , I'i'adian ='iS£- "units ."■ ' 

c) - > = I = |5; 2 radians J hence ^= "ynits , " 



4 . Uniform Circular Mdtion' • ' . 

This unit should be taught with care , since the material ^ 
included, will be .used In Section 5^i^* In dealing with sin and 
cos as^tlme functions we use ujt where ^ is the angula,r ^ 
velocity ^ because ^ this Is^'the form in which It appears in 
most selentifla appllaatibns* Since up to this point we have ^ 
dealt with functions connectid-with^ an Src length 'you 
.should spend a little time familiarizing "the stume^t with *^t,: 

The device used in the text t'o visualize the batxavlor of 
a wave is on*ly one of several which you may wish' to try. Most 
currently avatiable Crigonometf^y texte have &ome such approaoh^^ 
to the probler^,'^:ap^^jy should supplemfent the textual explana- 
^tlontwlth any.-/f^t5ter'; means you feel ■'appropriate. 

We chose the acoustical ejcample to build upon 'since the 
addition -of pressures Is intuitively simple, . ^' ^ ' 



Answers to Exercises -^^% 



See Graph, \ ^ ^ c ' ' ^ . ' 

* . ■ - 

*The graph bf p ^^^3 cos Trt :4 sin Trt is perlodiCj with 
pei^iotf' 2j since "^'cprrespondlngv pplnts on ^the graph are. . 
2j U:, 6^ , , 2n tmlts apart' whe'n measured along the t-axl^ 
(Periods of 3 cos TTX^and sin tt same as period of p , ) 
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2^ Sefe Graphs, " - ^ : ■ 



■ .-^ . „'l 

5-5# VeGtQrs and Rotatlonp ^ - - ^ ^ . 

We chose the vector a^p^^i^^^ the addition fomulas for 

two reasons . First it shcwiid "be^ r^ans of deriving 

these relationphlps th%n that'wbl^ the stCSent has previously 

encoui:itered. Second, -It Is an extremely simple and e^flfc lent \ 

L _ , - ^ , ^ I ^ ^ 

means of obtalning^theBe^ relationships, do ,not Intend ^hls^ 
to be a thorough trfeatraent of veotojc*s> a^d we confine our'^atten- 
tlon to vectors^ of -il^n^h £ 1^^ ^ since* this 1& suf^cier^for o^ 
purpose. ^ 



4 

he use of#th^ operator not 



We anticipate that fthe use of#th^ operator notation 
R-.(R^i (U)j etc., will have to fe e%l*alnfd vecy . carefully since 
It is something which^ms^st o# the stt^dents will never have, fen- 
coiJhter%d before You shoula do a lot ^f blackboard work here,, 
^ giving a variety of s^mpl^ manipulative illustrations. .Rotate., 
veo^bors In bc^th directions j illustrate rotations followed by 
rotatiinsj show tile rotations of the componentsrof the vector as 
.the vactpr rotatesj 1^ general^ make sur^ Ideas Involved 

and the s^lDollsm expressing the Ideas are clear. 



1 



>Exerels#s 5-5 ■ - ° 

/' r ' ■ . . ■ X 

You may wish to devise additional drlli exercises In the 7 
use "of : rotation, /"Exercises S, 3 and 4 are cases^in point and 
J suoh problems^ are easy to mke up*^ 
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Answers t;(^ Exerclffga 5-5 
,1.. T . .+^^1 




7^ 




■y.«i: 




^ R 



r 



7;.; L^ft member! ^ \'\\. ■ . " • \ .'^ 

•Rl^t member: .R^(R^,(^) - ^^.W- -^^ ^ ' V ' ' ■\ ' . 
; 'Since K and x» are real n«i^©rg,- x« + x = X + 'X<j^ and 

- it folloitfsVthat the d^f^^mem'fcer equals-* the right Inember^ .-' ■ 
• / .Geometr'lqally, tJ^e risult''trje^'na..Ch'at-*a rotation .throWh , 

•■•■(■•■ ■ ■ ■ . ^- : ■ ■ t^ ^ # ■ ■■ l^ . 

.;■ ■ are. x followed by a mtatiofl thaaugh. ar'^a'' x' is equiva--. • • > 
J ■ aetit to a rotation thrpugh lara ^x* foliowe^d by £t -rotation" ^: ' 
^ "through arc ;^x. . ■ ' '^l , . . ^ < , ^/v, .V ' 

■■7-.' Alternate solution. 



1 1 ' m:, 




8. . Since V = R 



^R^^g^^x^^^ J* ■ toy the resurt^ 4f 



. 80 



9. . Frgm Exercise 8, R^(V) 

4'. 



= uV + (-v)U ■ 
= uV - vIJ 



f 



5^6 Addltlph Pomulas for Sine and Ooslne~ ^ 

The derivation of cos (x + x«) and sin (x + x') is usually 
accomplished either by geometric considerations In the first 
quadrant (which then involve a great deal of work ;to generalize) ^ 
or by use of the distance formula. As remarked before, we. ' . 



fedl the vector a^proa^^ to ,be new and Instructive and, in9 ; 
.essencfe, simpler than either of the aforeMntioned. WAlnclude 
the page on the relation to complex numbers. to show still 'an- 
othec r^ans of- deriving them, ' " , ^ " 




/ 



1 



■ The exerclaas ar©* in garieri^. Identities j appiar^t^ons of 
the sum and dlff«'ance for^las. X^m^may wish to llluetrata * 
a few samples on the blacjfcoa^d before asl|ing the students to 
work the axeroises , ^ Exarolses 5 and 6 are Important 
slnee the tangent function appears here for the first time ' 
and some of Its properties are investigated. You should be 



sure to tfover these exercises at some 



point' Ip the work. 



Answers^ to Exercises 5-6 

'1, a)' cob(5 = x) = cos ^ cos x + sln^ sin x, 

t= 0 + sin X 



b) 




x =^0 



c) cos (x + ^) 



TT IT 

- COB 'X COS ^ sin x sin 



0 - sin X 



xn x^ 



6^^ sin (jc + 4) i sin x'cos^+ cos. x sin 



e) cos (tt r x) 



TT 

QO& ^"t" wois. A ai.ri -J 

= 0 + x 

= COS X ^, t?^ ' 

^ COS TT COS x + Sin tt sin x" 
^ (^I) cos X + 0 
^ - cos X 



f) sin (ir - x) = Bin tt/qob x - cos tt sin x 
^ > 0 - (-1) sin X ; 

= sin X •= 
COS (J| + x)^ COS ^ COS X ^ sin l| sin x 



^ 0 - ( -1) ,sin^x 
s= sin X " ^ ".: 



h) sin i^ + x) = slA oos'x+ cot f^' sin x 
/ ~ (-1) cpos X + 0 — 



1) sin (| + x|^ 



= - cos X ^ 

-"a IT ♦ 'it 

= Sin ^ ooa X + COS. sin 



S cos(5 - x) = COS 5 co^s X + sin J sin .x 



^ x + sin x) 
T 

= (^)(cQs x + sirt'x). 

Hence, sin + x) = cos (J - x) . 

sin (x - x») = sin [x + (-x')) - ^ ' 

= sin X cos (-x») + COS x sin i-x») 

= sin X COS x' - cos x sin x»' 

PormulaJ^) • cos (x - x' ) = cos x cos x' + sin x sin: x» 
To" aerlvfr. (6) : cos (x + x») -, cos [x -r-^-x')] ' 



{■ 

To derive 
Exercise 1{ a) . ^ 



= cos X cos(-x') + sin x 



-X» 



To simp 



' • = 00 s^ X cos X' - sin x sin x' 
iln" ix + x«) = cos [| - (x f x«) ] , from ^ 
= ops [ (| - x) - x« ] s 

= COS - x) COS ^ 

-K/ sln - x) slr^ 
in (5 ^ ^) ^ ^se Exerci^ 




Li 

la, 



25,8 



cos 



sin X 



■ . "^sm (| - x) = cos t| - (| - x)]: /. \ 

Hence J oos(^ - x) cos x' + sin - x) sl^ x'^^ 

tecomes sln.x cos x' + cos x sin xV. 

Therefore, sin (x + x' ) = sin \x cos x* .+ x sin x' 

To dertve (a<J) j - use' , (7j^ Ju^ , 

sin(x - x' ) = sin [x + (-x» ) ] 

= sin X cob(-x*) + cos x sin (^x') 

= sin X cos X* COB X sin x' . 

sin x / - / IT . ^ \ 

r ± ± 2n^) . 



tan 



COB X 

To prove that tan is^^ periodic with period ir,' we. must prove 

that/ tan(x + ^) = tan x. , ^ , . 

.. ■ W . , .. ... ^ \ ^ _ / s 

From the definition,, '' tan (k + tt) ^ sin (x + tt) 

^ . COS (x + tt; 



COS X ^^.gg g_g^ 
= tan X 



Now rah (+ § + &i7r) ^ J 



sin (+ J +; 2nT)^^ 



coi (5 f inip) s 



But the denominator *of this fc^ction in -zero' an^ therefore 
the values of tan(+ ^ + 2n^) ^re, undef ined. 

^in fx + x' 



. ,\ sin (x ± X 

tanfx + xM s - — ) ^ 
' ^ ; ^ cos (x + X 




* _ sin X cos X* ± cos x sin x* ' \^ 

X Qos_x cos~"x* T sin X sin xV . 

Divj/41ng,.piamerator and denomihator by cos x cos x' , 



r 



^ 93 



sin x. cos X] ^ OPS X sin ' 

fioa X oQg X* 00 B X eos x^ 

GQe X OQS -xlr Bixi X sin . ^ . 

cos x^ COS. X' ^ - COS X 0 oa ~x * 



sin X . ■ ,;sln x» 



_ OOS X oos.^y' 



1 ^ 



sin X / Sin x« 



oos X * .c6b x« 



tan X tan rf* .* 
^1 T tii^ X taTO:^ 



tan - x) ^ ;tan^Tr-- ^ X 
■ . 1 + tan TT tan x 



0' - tan X 
i + 0 



= - tan X ^ ^ , 

tan (it x) ^ ^ ^ 

. ^ - ^ 1 -tan-TT tan ; 

' ' i. ^ ^ 0 + t 



1 - 



- tan X 



tan(- x) . sin (-x) - sin x ^ _ ^ ^ 

' V cos (-X) cos X i.a.ti A 

;sln gx^^ln (x + x) = sin x cos x + cos x siri x^. i 

' ' " - 2 sin X cos X . ^ 



1 



CO! 



.2x ^ COS (x + x) ^^cos x'cos ^ - Bin x sin x 



: 2 ■ 2 
^ cos X - sin X 



tan 2x; = tan (x*+ x)^ 



tan X jr tan x 
1 - tan X tan x 

g tan X 



1 - tan X ' 



¥ ft 



4* t. 
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8. sin 3x *•= sin(2x + x) ' / 



v. ^ a sin .X + (cos -X ^' sin%) dlh x 

, m -j sin X coe x - sin x 



\ 



:9. 



COS 2x ^ 1 - 2\sln ^ 

Let X = ^ : ' 

cos y 4 I S sln^ ^ 
' .2 V - 1 



' sin + 



10, 



pos 2x:^ "3 cos ; X 
•Let" X 



- 1 



V 



pqs y\= cos 

2 



- 1 



1 + cos y 

2 ^ 



cos 



.11 r ban 



' COS * 



+ cos 'y / / ,j 



I- ta 



tlUltmply twi right member tfy A " co sjx. . 

' V_' ' ' , - cos y * 



js-- GO'S yl . 

'* -2 ■ 
- -cos ' y 



^= % / (^ - COS y)^ 
' ^ V ' - 2 



.7 ... 



1 cos 
, ' sin y^ 

■# 



Note •^. .The result 'given Is 
Gorrect Since tan, ^ and 



1 - cos.^y 
sin 



agrees in sign in 
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IP * 



11/ (cont«4) 



Mult Iply. ' t)ie;i 7ight..>.jiierab,er \}y ^'j/j- gos Z 



i /EI 

V (1 ■+ 



JOB y)' 



( 



sin y 



Olln y 
I + ,ppi y 



( See) pre viouB notev)' 



12. R^(u) ^ [cos X + 1: sin 1 



4- 



V2^ ;^ / 



4 0+^1 



'• R-(U,) * pQS IT +Sl 8 In IT 

. .;■ . '.6, ^ >, • . 



%i - ■ 1 - u 



13. 
4 



^T/2^^x^^^y = RTf^tcos .x% V sin X V) • ; v - - . ° ; " 

Rotation tljrougfi r/S is equivalent to mmltiplioafcion' bv 'i 
So, l(co8 X + i sin x),= l(coH X U f sip ix v) ' * 

- sin ; X + 1 CO s ^x w 1 [ 6o s ^ ( 1 ) + s in= x i 
• - sin X i+ ■ 1 COS X = - sin x *f - 1 cos -x' 
i*R^(v) = (cos xH. l':sin x) V 



- (co^ X + »1 sin x) 

sin': X + /I cds'x^ 
^ - s£n '^^) jy^^ + cos X ' 



1 
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^ CQpstruQ^oh and Use Q^f ;Tables of Circular Fufte^^Qna 
Since tljid material largely Ih ^he datura of r, retew, ^ 



; you will pr^^l^y 'not spend much t^e on ; 



it . The ; 



. table Vf dedlmml fractions of r/2/ will be new to th^ s^y^dent^ 
■ liufe we oise IV we do any .other Aable and It should cause no 



An3w,ei*&'. to EX' 



1.. Tatfl%,'I i 




s '5- 7a. 



% folded bepause^ the values of x are given 
in su^pji wary ^that ^ they are not B^rnnetrlcal about 



TP n 

X = ^ ^ 0.785* For eicamplej 



r - . cos Oi. 6q^ sin * 0.6^ - i Since we aife using 
radian measure, | is irrational^ and hence wew^uld have 
^to^ us€ an irrational Interval (as; is'^ done. In fablfeU ) 
to get a.synvnetrlc t^ble. - % 

' COS 0.60,w sin(l .37 -. 0.6o) 

. ' ' ^- " . « sin ',0..97. 
From the tab,le, aos*,0.6o = O.8253 and sin 0.97 = 0.8249, 



To be able tq fol,d.the table, the values of . cos 
end sin 0.97 would have to be the ■same. 



0.60 



a) 
b) 



sin 0.73 » 0.6669,^ cos 0.^3 » 0.7^52 
sln(- 5.17) = 3ln|,-' 5.17 + 2Tr) 
^ sin 1.11'' • 

C0S(- ,^.17) »^C63 1.11 =f 0.44.47 " r 

oos* 1 . 55 « 0.02'|8 





:ln 1.55 « 0.99'98, 
> ■ 
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2. d) ' sin 6.97 = ^i'inte.^T - Sir) 



^ - . «. sin O-.69 5^ 0.6365'.-', 



3; a) 
b), 



Sin X ^ 0.1099/ 



a) 

4.. . a) 

' c) 
d) 

a) 

b) 
c) 
d) 



X',* 0.11 
x.« 0.-42 
X ^ O.tl 



5. 



' slff X » o'.S^gs, 

cos X «i 0.5^03, ■ 
Hereafter we use = for « 
• sin G.^31(|) P 0.468, 

sin- 0.79(|) = 0,946, ; 

sin 0.62.(|) = o'.pST, 

sin 0.?l(f) - 0.898,. " 



- m . = - . - -1* ■ 

4os 0.31(|) = 0.884 
^bs 0.79(f) =: 0.324 



^^s 0.l2(|) - 0.569 
oos 0,V7l(|) = 0.440 



6. a) 
c) 

If 

7/ a) 

; H 
•c) 

, d) 



sin-' t = 0.827, " 

COS'ujt = q.905,. 

3inu^ t = 0.475; 
cos/^t = 0.795, 

Bin 45° = 0.7071,% 
sin 73^ = 0.9563, • 
sin 36. ,2° = 0.5906, 

sin 81.5°' n o.gBgo, 

^ '- I . ' ' ' « 

sin X B 0.6293, 

cos X = 0.99l4, ■ 

- - - . j 

sin X = 0.621.4; 
cos X = 0.894^, 



t = 0l"62 

•t i „o:3^'5 



D.7dTi: 



cos 41 

,cos 73° ="0.2924 

cos 3'6.2° = 0.6069 
I ■ 

60s Si. 5° = 0.1478 



X - 39" 
X = 7.5°. ■ 
=^38.4° 
X U 26! 5° 



/ 



r 




■ I : 



- '.'•! 



ArtsWeri to lExgraises '5-tti ' ■ ■ ■ . • ; . ' '; ! ' .,. 
sirit-' .,37) ^. sin 37,'=. -'6:36x6 (Tablfe r) ■ 



3. 



■sin(.^.'.37Tr).i =^ sin ;.74(i}-::A o.9l8/ ' > (;T^le ii); 
COS. 2.9f;'- bbs(2.8ir - St) */cos O^Stt = ]- bos('ri' - o;8f) 



, -^--^ - Q^s' 0.iTr = - cos' 5.^(5) = -, 0.809; (Table II 
; 6;. COS. iSir ^ COS (air Sir) ;=* .dps 0\2w -Si, 8 09 , .{from EjT. 5) 
. . 7. cos 3.71 . ctis(;3.7l* - V) = - cos'007 = - O.B419 (Table t) 
. J. fptii ^135° = 3,111(330° - 135°) ' sin ^45° =^ 0^7071 "(Table lldj) 
I' 9. , tfos(- l35°') = - cosCl80° -, ,135°) » - oos 45^ -= - ;0. 

: - ^: ' , - ^ "(Table l|:i) 

JlO, sin 327° = -,sln(36o° ~ 327°) = - sin 33- = ^ 0.54^ 

. v.. ^ , ■ ^ '■ . , ■ — '; .■ ; ' - (^able ill) 

,11. cosf; 327°) - cos(36o° - ^27°) = co| 33° = 0.8387 , CCabl^ -ill) 
* 12;. , cos 12.4Tr ?*^(12.4Tr - 12t). - cos> O^M ^ cos 0.8(5) 
• . ' ,^ = 0.309 • ^able Ij) 

«i3. ^ s4n 12.4 = - Bln(4ir ,-'^.,.44'''= - sin 0^16/= - p.l593 (Tarile j) 
«:14. eos(s'ln .3ir) = Gos(sin 0.6(|^)) = cofe, 0.809 ^ (Tabl^. li) 

' =^,6902 (Table ij / ' ' 

*15. slri(sin .7) '= sin 0.6442 -4 O.6OO0k (Table l) . '\ " > •, 

5-8. ^Ure Waves. .JP^equency ,^/lmplltude and Phase . .• , 
^ We chose cos as^our standar^' wave ' because Its first ^ea^ 
occurs^t 0. ) Since we " are^ iisditg p'eaKs to discuss phase'j co 



serves better than sin which peakrs first at By ^uslng 



] 
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y y V 



vV 



'/?^:Q:^^i.<-^r vw#; avoid ail ment 
■■S::a aeparfu^^^ the; cohvtntl 





wave "l^adlrigf. :Tlii^ ;!. 
.at^ most sciences ; \ 
l^a g ^^se bo.th^ - \ ;Y q u may 

the-, class the ef^^ « 



.nd Ih'ow'^at. ^ ^O i, repAsent.s 



■a ieftd in the 'sensi tfhat k >; ,0 M^s^nts^ lag 



The p rob lem'^Q f loc feting ^he zi 



3 ■o^^,'Trt,+-4 



is : mentioned in- sbhe^ an^ droppfed^ The^ out 



as follows 



or 



37r. 



Hence^ If 



Since 



TT ..... . . \ 



TT 



^*Qi79 «ir\ 1.79. 



■L 
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AnswerB to Bxeroises 5-8 ; • • | 

y 3 cos ■it:+ k *sln. tt 



Equation (4)' 



w 5 cds'^irt - 0.927) 



£11 peach a mlHlmum wh^n Tr% - 4* 927 = 



■^^^ ■r +^0.927 j ' , 

Thls> agrees with the data/ shown Hn Jlgure S^^e 



See graphs 




) - 
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A\kOG|s(wt - « A , CO.SW t COS + A sin uit sin 6^ 
y = Ai,siln rt - 3 cos irfc , ' , ' ■ 

A^(sln^«4 + cos^i^)'-^ l6-+ 9: . • ♦ 

" 4 ^ ^ 3 ^ ' = ^ 

/ Bin ^ = ^ J cos - ^ , 

^ la In II and ' 'd ^ w - 0.927 « 2. 215 

' y ^ 4 sin irt + 3 ^c^s ^ 
sin ^ - ^ ^ c6,s ^ m ^ , ^ ^ ^ 



IL 



/. Q*^ is in IV ana ' ^ ^ gir - Q.927 « 5.357 
Answer: y = 5 cos(7rt - 6.35J); ^ 
^ 4 sin. TTt - 3 cos 'irt . . / 

/J ^ IS jn 11^ and ^ ^ ir + 0,92? » 4.069 
- * . Answep: y<^^ 5 cos(7rt - 4.069) ^ 

y = 3 si^'^Tt 4* 4^ GOB -M . 

.3 4 " 

A = 5V ^ ^ -J J cos€^^ -J . . . . . ^ . 

^ e<,is m 1 and^ ^ 0.644 

^liswar: 5 G0s(7rt 0.544) 



y ■= 3 slo irb - 4 Gog. ' 

= — — \^ ' 2 ' 4 " ^ ^ 

A =^5, sln V^ s ^ , cos ^ * - ^ / 

;^ is in 11 ari<^ ^ tt « 0,644 - 2.498 

Answeri y - 5 'cos,('rt - 2,49&)i 



e 



Aithbugh the dlr^ectlohiB In. this pib^ft )do. not ask^ fc^r the 
values -ot t ^ at vmich the m^lm^ and mli^a oocur^ythey / 



have ^e^i^ol^ded In ^ese solutions In case tHe question^ 



arises;. 



COS ^ = 



' ,1 « 



Hence,, * 3 sin at; + 4- cos 2t ^ 5 C9S"(at - 0.'^44)' .■' 
Maximum' value of . 5 . •occurs when cos( 2t - .0,644) =Ji, 



or 2t 0.644 ^0 , 



0.644 ^0 . t = 0.322. ■ Minimum value of ' ■ 
- 5 occurs when cos(2t - 0*644) ^ - 1, or- ' 
2* - 0.644 = Tr, t*» 1.89-3. The period ■= il'^ I 
Hence, maximum values occur at t. « 0.322 + nir-. and''^. 
minimum values ,at t ^ 1 ,893 + nr. 
A ^ v^4 + 9 - . /T? , sln '^ ^:^; 



TT - .0.589 » 2.553, 



Henee, 2 sin 3t - 3 cos 3t « ^^cos(3t - 2.533)1 



The; period = ^ 



Maximum values of s/T^ occur wh< 
,,*fc - 2.553 = 0 + 2n7r, t ^ |.851^ + ^ . Minimum' values 
of, ~- \/W occur ^ when'] 3t" - 2. 553 = Tr '+ 
t * 1.898' + ^ . ^ . - 



lOi 
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4;. c>:;-;a:.^ y/1 +> 1 «;«:s in- - ^ , COS «^.\« , -Mj- 

^ : . ■•; H tehfie, - sin(tM + co^(t/^ ooB(.t /g --77? /^) ■ ' ^.>. v 

' i - - The' pe-i^lod ^ - 47rtP Maxlmim values of . occui*^ 

^when . ^ * ^ ^ 0 + Sh'Tj t 2j + knir * Minimum values 
;of - Qcpur when ^ ^ ''^^ tt + ai^; t = + 



— 5. ' a Cps(wt - ^) + B C08(wt -/) ' 

'= A cosit^' t coB-^,+ A sln M^fC"sln + B cos i-'t qob^ 
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S 



^ sin + B sin /f j"^ + (A cos M B cos ^ )^ , 

Ih A sln <K -h B Bin ^ ^ ^X^Aj,^^ -h B> cos ^ 



+ B s in w t s in ^ 

^ (a cos 0^ 4 % cos ^ ) cos t + {k sin ^ + B sin ^ ) sin ^ t j 
= G cos(tt^t - ) when 
C 



Slnce^ Aj Bj^j and are real nuitfbers^ it follows that C 
and are real numMfs, ' 
a) J Prom the solution in the text^ . 

TT — 3 ■ — . ' 

So , t a* 0.'295 +''^.333 + 2n. The smallest positive- 
value of t Is t»'0.295 + 0.333 » O.628 . 
b) 3 cos Trt + 4 sin irt = 5 

5 cos(7rt ^ 0*927) ^ 5' 

■ = ^ oos(7rt 0,927) - 1 — ' ' 

This is satisfied when the argument of the cosine is ^ 
0 + Mw, Therefore, wt - 0*927 - + 2nir, 
or t « ^£21 + 2n ^ 0*295 + 2n, * 



SL^^® smaliest positive value '-of Is "t « O.lls. 



1 



f 



cos (at - if) ^ 1 



•• Qos(2t = . . ■ , 

This ds .aatlsfied when; tKe ai?gument of the o6slne/ls 
V ±f + .amr. Therefore, at -.^ = +^-io&Tr,. or 

- "F +^ +mr. The smallest pdsltlve . value of t 
■ • 'is t = f . ■ ■ V 

d) 4 cos TTt 3 sin rt = 0 
5 cos (Trt - 5.640) = 0 

cos(rt - 5.640) = 0. , ' " . 

' ■ ^® satisfied when th» argument of 'the ioslne Is 

+ ^ + 2nw. Therefore, irt - 5.640, »+ | + 2fir , 
. or t^-S^iO:^ 1, ^ Sn, » I.795' + |.5 + 2n. '^^ \, 

' The smallest positive value of t Is' t w I.795 + 0.5,,- 2 



i ■ ' ~ 0.295. 

e) 4 cos TTt + 3 sin TTt = 1 ' 

5 cos ( TTt c- 0.644) = 1. " * ' * 

\ . , . ... ., ... 

cosCrt - 0.644) = 0.2 

This Is satisfied when the argximent of the cosine Is 

approximately _ + 1.369 + aiTT -( from Table 1) 

- Therefore,' TTt ^ 6 . 644 « +, 1 . 369 +. 2nw, or- =■ • 

t ^ 0.6^%+ 1.36 9 ' ^ * 

— ^..fe ± 2"- The Bmallest positive value 

or t IS ,. 0.644^, 1.369 ^ ^ ^,^^^3;^^^^^,^;^ 
/ N 



■v. -^'^ 
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7. Given y « B ,cos(a«. t ■ ' ' . / . 

, We mayV clearly asaiMe tha-b, ;^p..< / < .2ir, ^ 



!, • If yu. and B are pbiltive, we set = , 



\ 2, It A* is. positive and B Is negative, set ^ = , 

w B a - A*, • ' 



; Tnen y = A[- cos(*ut -/)] ^' A obs( 
If 0>< ;0 < TT, taka. = / + TT. - 
If TT < ^ < Stt, take = , ^ - IT. 
L If^ Is negative J - set ^ = - - 

Then- y s'B COS (-t*<t = B oosf w^ t ) 

■= B oos[ i^t - (Stt ) ] ■ 

; =B cos(it, - ^ ' r. ^ 

Proceed as In 1 and 2. ■ 



t ^ + 



5-9 Identities, Tangent to y = cos x. ° 
Exeitlses 5^9a^. 

The Identities dealt with here are somewhat more difficult 
than earlier Jones . It may tie rrecessary for- you to work a fe%^ 
a4dltlonSi'"exaraples, on the"^aokbo9,rd to help get the studentE 
started. 




10 



/ 



■SQlutloris to Exerolsis S-^ga . 



3. 



4. 



^ ■cos(x - y) -4 COS X pbs' y + #^in x sin y: . 

cos(x + ..y.) + oob(x - y) ■= a cos X obs y 

' " ' '/ • ' ' . ' . ' - ■ ■ ■ . 
cos X cos y = ^[cos(x +'.y) + oos'Cx > y)]*• 
oos(x - y), - ooi(x + y) a 2 sin x sin y 
sin- X sin y^^ |[cos.(x - y) - cos(x + y) ] 
sln(x + y) = sin'jKco's y % coa'x sin 'y'' ■ 
- y) = sin X cos y - coa' x slh y 
' s.ln(x +^y) + sltiCx ^-y) = 2 sl4i x pos y* 



sin x cos y ^ ^[slnCx + y) + sln(x - y) ] ' 

cos mo<. • cos nc^ = ■»[cos(ra-+ n)ot ^ oos(m - n)« '] 

. ■ . ..■ . ■. I ■ : ^. ' ' 

«ln mo^ • sin .n«^ ■g'[cos(m - n)oc -"co5(m + n)o^ ] 

sin mo» . cos,n«= ^[sln(m + n)« + slri(m^- ri)« ] 

slp^ + sln> = 2 sin ^ cos 

Replace /3' by ~(i and slnf^ by -slnfi , fEmn • 

sln^ - sinr3 , s sin 



cos 



2- 2 

i 

In (5), aet'^o^ = X and ft^ ^ - x. Then 
cos - coafi = 



cos X - sin X 



' ■= ='^lnf sin g Vg ) 
.^-r^ Yf sin' (x'- |) 

. Bin '(|' - X) 

5.jj»a), sin ^ = slnCf -. |\= sin } cos-|._, cos | sin 



(1)(1) - =-^M^ 



to 



(1 
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9^r ^) 



4 



/2. ^3 



rs 

. If 
r2 



3^ Tik- tan n h't^.n'n. 



1 » 1/3 



'4 ' 6'^ 



ill 



i 1 * c 



1 1-^;^ k 
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2 



^ cos e/2 ^ 1 t cose (1 t cos a) 

(1 4 COS © ) ^ 
1 ^ + b lu O 

1 t COS 



GU8 







i ■ t 4~< • 








I . 


^ I . i i. , i 


i 






1. i , ^ 






I «- 












i 


1 ^ V 










44 . . ^ i U W i 










i i 4.1 { 


4 1 

... ^ 








hi » 












,^ ij 


























'J 











<- 1 , u J 



^ .1.. ' ,i ) 
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V tan* 



d Blue 
cos © 



1 f 



in © 



1 + COS ^ 



2 



1 A :t ^ ^> 2 » 2 

r 



00 s 9^ 



. i n Q 
i L ^ 



sin ,A o5s 



s 1 n o , ^ 



1 



1.. u 



J Hi 



. i 



Y. o) c 



^ 1 Li A 



51 ' 

1 

41. 



u 



i 



t 4-1 4J 







^ (alii A c./B y »lra y) uu ^ 



t ( a 1 1* 3^ 

i J 



I 



' u y 1 1 i ^ ) w 
y ..... 



• ■ ' 278 ^ /• ' 

9. , 'Henoe sin^© - |(3 sin© ■> sif^^fe ) . ■ 

• ''^■^ / / 

r) aln 3x Bin x = ^2 aXn* 2x u^s a. [ ( S) J 



Hepce, sin x 4 sin 2x 4 ^In 3a ^ ^i4i ^,^[ i t y cos a] 
1 ^ fcaxi A ~ cos X UuS K t aiU X 



1 ^ tan X 



J sin X ^' cos X - ' s in x 



cos X 



tiK 5j ^^^^ " - - ■ - y = 

cos^ efslnxcoaxH oca x 

- ' 5 B In X, COB X 



I t • sill ^A 



alo^jfi or the LdJi^a^-i L .to Llid ^gr&ph £ a . u 

we uae Lfie aame Ideas afid tne umw Bymbollsm hei-c aa wc\aic^ 

\ 1.. un^i.tfeL- 2. li li.^ ;f 11.,. , i„^M 4., pi-,,duue^ 



::2 
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" So'lufeions to Exercises 5-9b 



0 ^ b) 
in '9) 



) ox-e special' oiLaaa pt' d) 



0) « 524^,,^ 



kli 



T > 



X ii 



l~(x ^ h) 



Th^€^ /answers iw a) i^) ) 



J i ! , il 



L 1 



5" - 
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°* sin z 



2 



2^0 



an 



"As in KAerclsa i, I^t a 
Bin A ^ sill goq - 



^ttltiZ ^feslii^ 

Z — 2 



slti X X 
? cos i ^ ^ 



' f 



Blue 



^ COS 2 



Slu 



• J 1 ii i\ 



ilu L 



2 

^ 1 li K u 1 . . 



X 

i 1 iii 1 I 



i 



S82 



2. -^a; 2Tr, ^ , , 



b) The coalrie Lt«TOBj dlao Llia tei-nm ialii liA, 

(in uur i^^p, tL ^ dn) 

i 



1 .1 



1 . I i 



1 . 



0^ / 1 J I 



5. sin (tan ^ x) ^ 3^ ^ fj 

vl + X- 




A 



A > U 



^ ) fa , . . \ . . I 



1 
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a) sin X + cos x ^ o , 



b) % 



2 



1 = 



1 1 



1 i 



^ .1 



I 1^ i I i 



COS X 
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8. c) 2 tan X + 3 ^ 



tan X 



( x ^ 0 and ^ ^ nTz) 



2 ' \ 

2 tan A f 3 tan k ^ 2 ^ U 

(2 tan X i)(tan a 4 ^) u 

tan X = ^ ux" ,tan ^ ^ - ^ _ 

A _ 0 ^ A+o f A . 1 i i , 



2 



- d m ilk A « ^ i ii A 



1 

s 

5 



^ in 



8 



B 



d I > ^ 

A .3 . (I 
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Misoellanedus Exercises 

: • ■ -. i. 1 ■■ • . 



1, a) |sin(7r + x) | ^ j- sin x| ^ jsin x|. Periodic ^Ith 
. . period T. ^ .\ / ^ 

b) Sinte [x + 1]^ [x] + 1, we have,. . ■ 
. f (x + 1) = (x »- 1) - [x +1],= X +1 - [xj 1 

'-■ , * X - [x] = f (x) .\ . ptribdic with peri^ 1. 

c) y a X sin X. not periodic 

^ 6) y m sin^ x,' Bin^Cir 4- x) = [ - . sin x]^ = sin' 



Ln^x. ■■ 
-period IT, 



e) y ^ sin X not pQf iodic 
^) I - f sin X I ols X • This is not^ defined If ^ 

sin X ^ " 1^" ^ or If tan x ^ - ^ and therefore at 

X = tan"'^(-^^) + n^,. Defined fdr all other values of x, 

f (x + Tt) 3ln(x + w) 4- 2 GOs(x + tt) ^ - sln x^- 2 cos X 
2 sln(x + ?r)-+ cos(x + tt) - 2 sin;x ^ cos x 



sin x + 2 COB X ^/ V \J 
" ^ sin X + cos X " . Theref6re 

periodic with period w If 'the domain Is restricted. 

g) y m' pin X + I sin xJ . 

sin X ±B perlodjic with period 2^ 
|sin x| Is periodic with period w 

The B\m Is periodic with period Icm of 2t + tt or 27r 

h) y = Bin x + sin (/Ix) 

_ ,_sln^ K Is periodic with period 2ir , . .'f. / . 
sin y%c Is periodic with ^period ^ 

But there Is"^ no 1cm of two IncommenBerabie ^OTib€rB ^ 
therefore no period for the function, 



4. 



,a?he decimal expansion of , is .|f2l0 ranges (Oi 1» 2) \ 

, /. f(x;',+ 4) > f(xT' ^ .•.^4erlodic wltli' period, • 4., ■ 

'f(97) - f(l + 4*24)'«.f(lj - 1. . / • ' ■ ' 

' f(x + 2) ,^ f(x) f(-x) ^ - f(x) / f(|) = 3 

a) ; f ^|) « f (I 2) « f(|) . 3 

c) f(9) + f(-7) = f(l + .4 > 2) + f(ta + 4 . 2)'^ f(l) + f(-l) 
r • , ; f (1) - f(l) = 0\ 

22* 180 ° 



22 



a)' Tadlans 



b) ' I radians (i . = (^) 

a) 87° 



P 



^) (|) ^ ,f 



radian's 
2 r 1 



radians 



7. 
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c) y ; ^ - radians 



S = kr 

c = 2r + kr. 



or r ^ 

i 

. k. i 



^ea = I . r2 . 



2 +.k 
.2 




a) y e 2 sin 3x • piriod 



^ , amplitude 2 range [-2/ 2]. 
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l 














4- 
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7, ^) y 'm - 3 sin airx 
period: ^ « 1 

Amplitude +3 



TtaiiB [- 3r"3l" 




c) y = 2 col\~^ 
" ; -period;^ * 



Amplitude -2 
Range [- 2, 2] 



a)" 



y = '^p Bin K cos x/* ^aniform th^^^^ 
y ^ 3 s^n ax., h^^ — 

period = TT 




toplltude 3 
Range [- 3, 3] 

y = \/3 sin 2x + cos gx^ Transfdrm the function first 
:K,^[2 ^ sin 2x"+ | ooa 2x] . but , sin | = | cos | = 

y =- 2(sin 2x cos ^ + cos 2x sin ^) ' /• - 

. y .^ 2. sln(2x_+ |) 
period = ^ m TT 



.itude = 2 
Range [-2, 2] 
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'9, f : X -•3 003(2^ + p = - 3 sin 

■ = 3 aln(2Trx + -r) 
We c^' use A = 3V'^B ,= 2Tr» C = jr 
or A s -3, B = 2Tr, C = 0 

Q = 9^ slnC500t"+ |) ' ^ ^ ^ t 




» -Soot 



i= coa soot 

a) period = , frequency = 

b) , Q - 0 if cos 500t = 0 



250 

TT 



1 TT 

iPhis Is zero for the first time at t = ^ . 



IT 



1000 



11 , tan 



c) Q L .5Qq.' If cos soot = ,5 = I 'j 500t - I or t = 

d) Q = 
3x 



5Q for second time 
o 



5ir 



500t = ^ or t = 



cos X - cos 2x 
sin 2x - slri x 

cos gx - cos X 
sin 2x - sin x 



- 2 sin ^(2x + x). sin ^(2x„- x) 



2 cos ^(2x + x) sin ^<2x - x) 



sin 



3x 



cos ^ 



= tan 



3x 
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l3i Frov© s a) fsin x + cos -xl ^ Va* - ^ 

. , |sln x''+ cos x|'= I \/2 [y^ Bin cos x] | 

■ - ; « \^ |sln (x^4- |)i . ■ - 



: " and Isln e, | < i.' , ' Q,E.D.\ . ■ 

to) I l/3- sin X .+ cos x| |2 sin x + ■g oos x] f 

V, - |2 |; |.sln (x + |) I » 

< 2 since I sin © I < 1. 

Find f(x + y) In tems of f(x) and f(y) only^ 
given that: (Hint* Find x \n tems of f(x)' and y 



in te 3 of 

-X 4- 2 . , 



+ 1 ■ 'Answer. : 

X 2^ tosweri f(x)f(y) ' . 

x-^logx Ans^eri log(lO^^^^ + 10^^^^ ) ^ 

1_5/ a) sin x > 0, Implies x in- I or Ij Quadrant. 

Since sin x cos x < 0 and sinnx >^'0j;- gos^.x < 0 
and X in II- or III* Hence x is in ^11*^ ' . ' 

b) cos X < 0 ' X in II or 111, sin "X cos x > 0 which 
first means sin x < 0 or x in III or IV. 

Hence x ^ is in III, 

c) X = 100 100 ^ (15,9)27r^ Therefore x is in IV, 
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16, sin(cos x) « oos(sin has no solution. 

; , Proof s *^|phere cbuld 'be no splutlpn in quadrants II o'p, lii 
since the ieft membfer would be negatlye and the right . 
member muld be positlva. (if Q ^ ^In x we have 
' 1 ^ © < 1 ^ so^hat © Is %n elther^uadrant I or IV. ) ] 
- ; - If there Is a JV quadrsmt solutio 

. Th^n sln(eos z) ^ cosC- sin; z) ^ cos (sin zj / Henoe there 
Is no IV ^adrant solution unleps there la a 1 qua«toant * ' 
splutlon. ,Then, if there Is a'l quadrant solution x, 
i j sln(coy X') a sin(| ^ sin x) and sin x + cos x = J , 
. 01^ + X = IW' ' slri<x f ), = ^ . But 

this Is Impossible since ^ > 1, 



r. 



'IT. 



aj^ y = sin x 
[Also (-h)] 



2 P 
y - 1 - cos X == sin: x 



[Also {f)l 



c) y - .(sin X I 
[Also (k) J'. 
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.d) ;5r^ ='„sin- X , y = + 



[Also (e), (g) (i) ] 






Sgme 


as (d) 


f) 




1 - cos 2k 


y * 




g) 




: Bin X [see 


h) 


y - 


2.' Bin 1 COS 1 


1) 


y' = 


2 |sln^| cos 
f sin X 



m Sin X 

X 

1 " 



^ [See (1)3 

= e In ' X ^ - - 



sin 



p < X < Sir 
- sin X 2ir < x < 4' 
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ir 
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eos x/2 * ^ 
'sin ^ 0 < X ^< TT 

Sir < X < 4t 
sin Xj < x < Sir 
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I sin I eos || 



I) = k sln^ I cos= I 



sTn X Se e ( c ) ] 

[See (d)] 



2 

sin X 
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.. ■ ' /' - Illustpatlve Test auestlons 

i. Detemlne whether each' of the fdllowlrig func^ons -is periodic 

■ ■ , ■ y ■ y -■' ■ ■ ■■ ■ , . " 

■ and. If so, find the fundamental period.* ' , ', '■ : ' 

. (a) r cos 2 X1 ■ . 

. ; • (b) y = ,sin 3)^oos 3X ; • , ' , ; ■ \ 

■ ' 2. Given that' f I X f (^f) is pferlodic vftth fundamental, period 

; , ; f and given that f (|) ^> f (a) = 5, and f ^ 3, find , 

■ (a) f (0) r ' 
. ■ (*) ^f '(-|) 

' _ (c) f (|) 

3» Sketbh two coirplete 'periods of the graph of y sin 3X# 
— ^* Change from radians to degrees: 
^ Car ^ 

' ' ' 15 
5« Change from degrees to-^ radlansj " « 

(a) 165° ^ ■■ , ; 

. \ ■ ^ ■ (b) 2^ ^ ■ ■ ; ■ ■ ^ - ■ ' . 

6« What^ Is the radius^ of a o|,rcle In which a sector of area 6 has 

a perimeter 107 I ^ [ - f 
(two solutions, 

7, Sketch the graph of y sln>c^ cos X over a complete 
period. Indicating ^th the fundamental period and the^ 
- amplitude, 

-.S, Ecpress sin (>£'+ 2 y), in tems of slnjr'. sin y, cosx $ cosy'. 
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9. Ex^Ke^s t'he following in the form' + slri x or" + x, t 
, , (a) Bin (x + l|) • , . : 

■ ' (bj . cos - x) ' ; - .\ ; 



11. 



12. 



*13. 



14: 



(c) sin (- Sir - x) 

(d) cos (x + ^ir) 

Show that . V ' 

{aln X + sin 2x) (sin x) (l - ^:^^S^jc) ^ (cos x + cos 2x) 

, " ^ . ^ (cos 2x r cos x) 

holds for t all rial values of x. 

Given sin 2?^ ^ oAd^O and sin 28^ ^ 0,4695, interpolate 

to. find ; — ^ 

(a) slri 27.4° / ' ^ 

(b) the angle between 27^ and 28^ whose sine Is 0^4664/ 
Given the funGtion x— ^ - 3 sin (2x + S) , ^ f Ind the points 
on the graph with smallest positive x whlah 

(a) the function has^ the value zero ^ 

(b) the iPunctlon ,has a maxlmi^ value. 

{jo) the ftmctlon has a miniinum value 

If a, b^ 0 are constants^ find A' and -B such that 

sin (x + cj ^ * A sln(x +:^) + B sin (x + b) holds tot^ 

all, values of. (You may assume that pin (a -.b) Ol) 

Find (a) the limit of ^ as x approahces zerpi., 

and (b) the alope pf ,y ^ "cos 3irx at x = £ 

-1. 



15, Evaluate {&) 'cos (sin* (--i) ) 



(b) sin (co8~^(- i)) 
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the iE*unction f t x— *- cps(sln"''" x) i - 1 ^ x ^ 1, 

^, expresBipn for f (x) . 

•i. f , '. '. ^Mb) vniat la the range of f ^ ? ' • : ■' : ■ * • 
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l^.J^Plnd -the valmes^of^^^ x^^^^^^^ K _2w which < 

>v',i satisfy; ■ ■. ■ ; . ■ , ■ - ^ " 

(a| slhC3x + |) ^ oos.(^^,!^^^ * - ' , / 

• (b) Bin ax - cos ax - . » " ■ * 



■ '■ ■• ; ■■"','■'^^■• 



'. ■ . ; j • mamm to Illustrative :!l\(^s?t '^0ati6i^ y , ■ 

'" ' ■■ • \ . ••■ v-,;^-''''\.'\':r • • 

1, ;(:a) C^S 2(x - coi .f,'w);::^^^:^pt _2x ' , • ^ 

■ • penoe, , |oofl 2(x 4, ,^ | '* \msl Q7t\ ■ ana the perlod^ls^ 



/- : » 



(b) sin 3x COB 3x sin 6x siri(6x + Zir) . j 

• ' . ' l^ s'in' 6(x;;#i#J;; the period is ? . . ' ' , 

(a), ''f|o) = f(.2.,- 4 ;;|)- =^f-(.2)^i;5^^ ; _ . V. : - ■ ^. . 



2. 



3. 




4. 



.180° ^.^Qgo 




IT 



(a) l6gP . \ 




2£ 
11 IT, 



TT 



MM <d.B r ^ and lShe 




i*vl^prr^*-3'^+ V 3 v^^^^ , resiilt Is'^mearrt-ngless 



f ' 3- + ^^a- 4. 73, - then ■ I 



4 - 2 |/T% O.^L^r 
= 3-- iTJ^ 1.27, ^' then a m ^ + 2 JT^ 7.46, 
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' 7. ■•'.JJ^te;. -that y ^ sin' x. - JXoob x a ain(x,^ 1) for all . A • 



■:t. 




3 



1/ 



, fiNpyft'iika 



I 



I 



8 . Bln.C.i^6t:i%) = sin COS ay' + cbs x sin 2y 



= sin X (ops y - s"in^y). + dps x 







or 




; '9. is) 




i 




sin x^ 






f- ■ 






^ ;aos X 




- ^10/ (sin; 


:3t + Bin 



^ain x cos y^ 
= slri X dbs^y' - sin x sih2y';+ a' sin^x ops ,« pS^y 

-T;-!-^^"-*^"^ y + 2 3lp^,x,dos&l^os y' . 



= :.(i3G^ +; COS '2x)'(cos 2x - cos x) 



(^in X + ;8i:n{ax) (;^,in x - 2 sin x dos ^\ 
(sin X + sin,2^}^(Biinvx - sin 2x) . 



' sin X - sin 2x ; ■ 

' "\ 2 ' ' ' ■ ' ' ■ ' ■ ■ 'p 
^ - X - (l ,-, cds.^^x) 

2 ' ? ' ' 

COS Sx - cos X » • 

(cos 2x + cos x)(cos 2x r cos x 



\ 



\ 
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sin 28" - 0.4695 
sin 2?° - 0.45^0 



11 27. r 
.0124 



0.0155 
.j^ 

,00620 
.4540 

. 4602 



^ f k . : -I 

.0155 



' 3 





jl 

3 


"3 ■ 






n 


tl 






B 


3 


"3 



3 

( 

12 



S 



n 
5 
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12. (c) 



er; 



13. If X ^ - we have 

sdn(c a) ^ A sill o ^ B sin(b 

8lii (c - a) ^ln(a - c) 
3ln(b - a)^ ^ lint a - ^ 



- a) 



3ln(a - bj iin(H ^ a 



sln(i 



i 41 Ji If ^ 



,1 ^ ^ > 

(^) If M-v) 



M =^ J it A 



i i 



1 i 



^ M L y 



ileli 



I 



. I 



an i li V ^ I- 



ft 



1 



17. (a) Since sln(y = cos y> we can ti^anBfQrm the equa^ 

tlon Lo cos 3x — cos(^ - 2a) 

Cud 3a ^a) u 
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/fx 




2 




5 ' 5 




■ B 




A If ^ i< i 1 « 




B - 


'B 



F 5"" -1 i ., , I, 1 „. .. 1 , ., 



.11 li / .. i : 



5 



'6 

i 



If 

•I 3 



II I 

5 J i:^ 
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Appendices 

* 'd.l mthematical todugtlon 

Both the teachem^^nd th^ ^Lu.i^uUu i.^v.. ^.^.^i a.^^i luii 

with this topic* Itie seatloii aiiouia nwi aLiciupLed wllh ^ u^Iuw^ 
avera^ge ciatt^* Fmx- aii dv^id^i^e cl^e© It lo piuLaUi^ wise Lw 

1 U a 1 Isi i i I i LA i L U 1 1 IviUx. I 1 4 i'ii , . I . 1 t3^ i' » ^ i w 1^ i t 1 Oil & 

"pi-uved'' iu Lheac cj^aiUpie^ c dc i 1 bdi^a I ^ i ^ ..^i I ^v. ^^u ^ wu TlisL 

even nUiubai^ in i.^ahipl^ li, 1 i 1^ Ihs leq^.c^utl i i^ic,^^^ >i..L i « 1 ^ 
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SQlutlone to Ebcerclses (2-7) on Mathematical Induction , 
1. (First principle). 

Initlal Step : For n ^ 1, A u (n t i) i_ 

Sequential Step : W the x^esuit im true rwi k, th^i la, ir 



1 t a f 3 ^- 



k ^ i h ( k t I ) 



then 



a 



:5 



1 

2 



k^ 



2 



1 

2 

1 

2 
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2b. (First Pijlnclple) 

Initial Step ; For n - 1, 



1 



a (r" ^ 1) - 

——J ■ 



provided r * 1. (polriL out to Lhe uiaoa llia.1 Llic Burii rovmula 
la not valid when r - l.) 



U I 1 



r = 1 

I, I i 

. Lt : \: 



1.. 1 I 1 



it 

3 ^ 



1 I ^ 



ERIC 



308 



4. (Fil^st Principle) ^ 

Ijiltlal Step I 2*1 ^ 2 - 2^, 

Sequential Step i Let us a&^uiuc the ui-uLh uL the attaeiaiwu l ui^ 
n ^ kjp that la 



On multiplying uy ^ we liave 



^1. . _ii 



Oi 



Ok tl 



;(L ,1) 




: . . Li . , A 



1 ' i 



I I 
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6, (First Principle) \^ 

Ini tial Ste p i For n * i the x-elatloii 

\18. plalnly.lpatlsf led. 

\ 

^ ' Sequenti al Step : 



X Let denote the suiu lhA aeiid^s iw u L^Xi^d, II the 
Lik^^jretu la LjL-ut. Cor- n - l Ln^i. 



-It [i,k 1 ) i (k t 1 ) 



i i 



1 1 



l) k I i 



EKLC 
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other words 

k + 1 ^ ab 

where a and b are rmturai nunibere . From a ^ 1 we have b ^ k + I, 
and from a * k + 1 we have b * 1, It follows for both that 
l<a^ b^k* Clearly^ then b are either prime or faatorttbi^ lutw 
primes and the deelr^a fac toii^atlon uf k ♦ 1 is wbtaliiad b^ iwria- 

lu^ th^li' ^>iOdUuL 

Tb, (tiacMnd Prliiuii^i^; 

toltlal ^t^p * ^'ui fi - X f the iiU44*bsA 1^ a^LJ^.^a \ i , i ^ 

Sequential Step ■ Jvippose tlml for ail i*atux^al nmiibar.. less 

UwLn or equal tu k u.^i u 

tiia L tiiel'C aAl^t n^tui a i liUiubei s q aii^i t ^ . \ 1 4^1. J 



- 1 

U U £^ - - ^ ' I ■ ' 

lit' 

i 

it » . i.'l i , . i . . I » 

. i i L . I 1 W 4 , . - . i > J ^ . . i ! . 1 J . d U . i „ i , 

pull] y UU . Li, d k^iitA I 4 wfe. 1 * ^' 1 ^ ^ 1.^4. I . * . w J i -J Oi , i i ' ^ i. 1 

iiuiiiUc £3 w 1 L . th ^ t> » t — * ^ ^ ^ ' * i I ^ i . it. t . . a I 1 
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8. (First Principle) 

The student shpuld be expected to compile a table for a few 
values of the sum S^j to n terms i t 



S2 ^ ^ A. ^ ^ -^2 



2 2^ ^ J 



3 1 JO 4 



hypOthci^ls alii L. c; ^ La bi 1 tfhlii^ hid ^.wwl' induutl^ui. 



k , 0 ,1 



1,4. 



Ik 1 ijt 



4 



i 



. • ' ■ 

. ' ' ■ ^ ' * 

AT tir* the student has worked through this problem aystematl-- 
cally, you may wish to point out u quick prour using the lact thai 

1 i . i 

: . n(n ^ n+T ^ ^^^"^ 

" - vj 2 2 3 n n+l^ ^tt n+I 

■ ' y 

"Oim only ;t.J^o4b_le with this 1^ t^i&t ihm student iiiay.fttil lu is^iia^ 
that a proof by ma ti^^uia wl u^l ludu,, Llui. stiii neuc^ £3 . ^ * 
9* (First Piin^lple) 

observe on t^^ulatlng m few values uf the sum 3^,^ tu n|teiTria; 



^4 



i 

4 



■ h 



; 313 . .-^ 

^,.Proof : , ' 

. ]&iltlal Step ; 
;•. '. Sj^ = 1 Is satisfied 
Sequential Step ; If The tiifpotheula la Ciie for n - k then 



Sk+-i + (l« >: 1) 

_ 1 



-ill.'- {h I i;" I I i J 



I. s 



1 



i 

B 

i 

3 



) \ 



■ 1 1 



( 1. 
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You mlgM E<en^rk as an interesting sidelight that this 
result also demonetmtes-that the product of three consecutive 
natural nutobers Is dl^lslbie by 

11. (Firsit; Principle) - , ' 

Let A)^ be the assertion th^L for any. k f g puints Pj^, P^, 

Inltlaa Step - 

inequiallty. 

Sag uen l i a i 5 l a^/ . 

d. 



1') u 
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- (k + 1)2 A + 2k + 3 ') 

« (k + 1)2 + (2k +3) 

f - (k2 + 2k + 1) + (2k + 3) 

^ k- fr itk + 4 

- (k + a)2. 

that U^^ ft a cuDl^ polynumlal li. It Is ^aBy enu^^gn tw ^ae Limi 

tJm dii*rfcic.i4.^s 



W ^ V 



-U - i 



1 1 



it it t ..... ^ , . , 



k 1^ M 



fit 



i J. 
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-♦^ correct In that casa» Next wa aesvune the result la true fpr all^^ " 
" V :natui^l niimbera 1^ than or eqi^i; to k* We ^ ^ mI ' ' * 



•* ^-KL > %+l - ^ + 1) ".[(k +.1)2 + 5 ]- k*[k? + 5] .-^Sfe 



(Itifoliows from t^- first prlnGlple that Ui^^^ la dlvialblfe by 3^) - 
V ft?ocaedlng'^ofte more, step we have ^ . ■ , ^ ^ 



' , -. 3 C [k2+ k + 2] - - [ (k-l)2 + (k-l)+a]}'. 



. ' - V .- ' ' ^■^^K:"'^^ . ^ ■ . ^ .q*elfl-* 

- ^ . = = " ? i^ ' ' r ^ ' " .' . '' ■ . ^ ■■ . , * . 

It fbllows that , • ' . - - ' ' 

' \ ' ; : ,; ■ ■ ^. 2% Ui,. 3^ + ■ fc. . ■ . ; ' , ( 1 ) 

^ ■ : ^ ■ - • ' ^ i _ ■■ . ' - 

,V. Hencej alnoe Uj^ and Ui^-i are. divisible bjr 6 vfe Bee that is 
' divisible by 6. . ' , ' ^ 

It Is good - to point out to the" student that the proof la not ^ 
complete at th:^|; point slnca^r the argument g€^^from k to |l + 1 - 
must be valid for all this oa^e equation (l) Is meaningless 

for 1, since Un Is undefined (U» Is defined only for natural^ 
rtum^r^ n). -TOiere are two ways to ^sumount this difficulty,' ^. 

a* Simply eltend the InteiT^retatlon or the f onnula" f or U^^ 
^"so.that IJq ^- 0. The method, of backward extension Is of tin ^ulte %■ 

' 4)'.-- % t'" i&V i 

afeeful. ■ ■ ; . ' ,^ 

. : \ * ■ • ^ ^ * ' • 
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V ■ ^' f. -^i^ assertion Aj^ be ^Imt both Uj^ and Uj^^ are 



dXMkthle l^f 6 (imt;hfjg,:,than Just UU.) To' 'prove t?he general result; 



it than^ bal^Offlatf Aeoessitry to establish both ^ 6 and Uo 6»3 as 
^ 'Tipf olaii;qaaM|^ Is quite geheiml. 

^te^^a^ It ls.^mllar;*to% proof of the eeoond prlnQlple by the 



■A 



t 



"^1^. (Second Pylnolplt)/ ' ^' . 

■ ^ ■ ^' ' *^ ' ' = ' ■ " . . ^ ^ ■ ^ ^ ^ ' ^ ■ . . 

< Kil'i is a prpM,eitt f opj whieh the methoda of proof aw diveri^e. 

Most ^usually/ the studfent will probably dlseover that trfe pavments 

*\; J : / ^ - ■ \ ' ^.■ ■ ' . C ■ " - 

are in arltlrmetic progression beginning at the leader^ going, around*' 

\ ^ >- ■ ^ / ■ ^ ^ ■■ ■ " ^ ^ : ■■■ ..^^^ :.: m.^-. ^ ^ -.-^ 

the cirol'e and re turning ^to the leader again.' * He ^111 then Realize 

that all pajtoents* mus't be equal. Here itf another approach*' 

l^et us suppose there'v are n pirates in. addition , to the' leader, 
i .■■ " _' ■ ^ . ■ . . - , • . . . , ■ ■ 

We asjume n ^ Ij otherwise the result ^s obvious, ^ Ii^t Pq be the 

amount: of payment to thfe leader. and let P^^^ Pg,, * . ^^ ^ be the^ 

'^-^ c*. ■ ' ■ * ^ ■ — " ■ ' ... " 

payments tfb thi other pirates going to /the right from the leader^ 
abound the cirol6. Except for the leader j we toiow that ea^oh pirat©/ 
receiy^fes a p^iroent equal /to'- the avferage^ of the two me^ on his right 
and l^|t» it fQiiows* that for 1^^ k ^ n.- 1 we hava - ; 

* Pfm^ Pk^l + Pk+1 (k^ 1, . . ,f n - 1), 



arid for k - n 



'' (2) ■ { ^ ^ = + Pp . "^-^ 



than Pn, 



We consider three cases that ?^ Is equal tb^ greater off less 
0' 



a. ' Suppose«^^i = Pn. Then fr©m 



'5i 
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we' have'--- . 'N*." - '. Z'^' ■ 

Now ir It Is truJe that Pj^ i Pj^^i we hava^ f ollowiftgvifche same lirta 
of argummtj that : 

and> therefore , ■: . ^- ^ • ' ; 

It foliowe by the Beoond prlnQlple (if for all natural numbers J * 
less than .or equal to k the values of Pj^ are all equal to- Pq /then 
^ that J in so far as formula (1) holdSji all yalues of 
^ Pq. other words ^ ; ■ 

; ; / — Pj^ - p Qf f^r k ^ Ip - , . . n - 1 . 



f or k = n It follows from (2) that^^ ■ ; . - 

We see/ then that If the man on th# leader's right gets the same 
amount as the leader, so does everyone else. . 

b. Supp'ose P]^ < pQ* Then from * 

P P ' 
P. - ^0 + f a 
. \ ^ ; 1 2 — - : 



we have ^ ,^ ^ 

' - * < 'Pi + Pq F Pq = Pi 

^ AsBUfnln^^ that Pj^*Pj ^<Pq f or all'-Wtural numbers J such that 
J ^ k #e see by applying the same a:rgument to 
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^-Kl < (^k t %i) - Ptc-1< < Pq insofar as f dymula (l) 
■ holds, . P©r k » n. w^ in partici^ay^* ' , ^ 



But, from (2) 
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a .contradiotlon. We oonolude that ithe maTi on th# right oar^ot 
reoelv^ leas timn the leader* ' . 

^0, Pi > Pq. an argument exaotljr p to that of (b) 

^,-it can J3e ehom that this la not ppsaible. 



riiay only be divided Inltd equal parts* > ; ' 

*15. (First' Principle) i , 

.> " First we begin with the prdb^ 4iaLt Pn and'qn are Relatively 
prime, that 1-s, pn-and q^j have no conunon fad tor greater than one, 

toltlal Step s TOie assertion is true fW n - 1, 
. ; Seguential Step i Suppose the assertion is true for — . Wa 
prove it true for ^+1 * Prom 



we obtain 



' qk « Pk4a - qk+1 



It follows at once tha^taiy common factor ofi. Py^^i and la a 

common factor of pj^ and qj^.^ Since 1 Is the , greatest pommon divisor 
of Pj,+i and q^^, , ^ . ■ ■ •.. . ^ ^^^^^ 



. Wot the purple of anawerlhg the rest of, the' question, we define 
the e^P^ at the 'n-th ^^s^ of approxliiiation , Sis v ; -fc- ' . 



e 



n 



^ Pn - Vi . 



9n 



Now, let us attempt to reprapent; in temm^t ej^. We have 



^(j^.._^,ei^^k4-v^^^ 




^ (1 - v^) ek , 

/ . . : ^ ■■ ■^ ■ ejj + V2 + 1 

til order, to simplify the work w© multiply the niome rat or and denoml- 
na-tor by 1. + 2 to' obtain 



From this resylt-vje shall obtain all we need. Two things are clear 
f^m .tl) , ^ ek Is small 'enough, it will have little effect in the 
denomlnatorj the denominator will "oe, pdsitlve', even greater than 
one, And will have opposite sign from ©j^, ' ■ 

First we observe that |eil = |l - -/2\ < 1. If \6y.\ < 1 we 

, I ' ■ 

show that |ei^+2,l < 1* ^ order to prove this we observe for the 
denominator Dj^^.! In (l) that ^ .-r 

= [( + 1)2 + ei^( + 1) ] = ( ^ + i) [ N/i" + 1 ,+ ei, ] 
= ( + 1) + (1 + ©1^ ) J . 



.Since 1 + ej^f.> p it f ollbws that • 



(2) 
(3) 



V >a/2( ^ + 1) m 2 +^ > 2 > a. 

ESitering thli result we aee that-^ 



V 




'^.^t ' l^e ■hav» proved by rnat^jematloal Induction that , |en |< 1 for all 
mturaj^ nmnbers n buts we have proved; jnore. Since the dehpminator 



%+l is positive , it follows Immediately from (1) that the error 
alternates iri slgn^ since ej^^.^^ « '*%XDn+l'' ^® havie now only to 
prov;e >t^ inade as einall as desired* fact^ we 



-In±t±a-l-"StBi 





1 



'^^ I- •'■'ri -1*,:/.,,'. \ !■ ! t;'.!, 



= e 



-jp. 1 / Vf - iN ^1 



1 



1 . ' * 

^ ■ <! . ■ ^ ■ ^- , ■ 

Sequential Step : ^ . 

Prom (2) above we have proved &n > 2 > 2 for all I£ 

then 



With this result, the preof Is complete. 



2 
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■ • :^'*16.; ;'(Pir8t and' Second Prlnc3S>ii^||r/i||{S 



I't pays to 



In solving, this problem, v&^0k^mkT: >& . 
bo turn thlngB aroundf ,:/::|D|s^iei^^^^ ot q(n)' as the 

(1) + p(2)+ . . . + p(hJ/::iWi^^^^^ • * 

This nel^lon suggests a Qtiz^$^i0PtGi;fMi/.^'0^^ 
: namely, that If q Is a poly^i^^|'i:^:^|i|#^ then ' there Is a . 

polynomial of degree m SoviMtmr^^^^'md^Bi m ha:ve already made ■ 
•use of this/theorem In th|;"-;fik6liii^lto)i^^ ■ 

With, this idea In niin^:J,^|^e^^^ 
the original probiein;:; ':^^''m^^iyi^^^X -oi:. dmree iptetevg^y 
'"pe^'slffiplePlPniTvU^ 

S-'Sp^^^m^^re.- rtri-)' Iwlth ;:^'{h^'i:?'::1^'iio't;e': that - ' * ■ 



sum of p(; 
difference 



; r(H r(u) = u(n) - u(0) 



f i3 - ^' ■ 




^slnce .u(0) 0^. 0.4-^'- (l^^ (3), though obvious, should ' . //H' V;#..\;*;V 

. ■.' ' ■ . ■ ' ■ \ . ■■ -^^ ' ■^•■■%.H'',^s'.r-,;',:'.:^i 

..itself be proved be mathematical induction j a proof byVhe.fl|'sl %4: ''pt:)^ 
'.principle- la. feasy^,').- . ' • . ^ . : " /''.'j;/-. 7 v'g- 



.0uf>-as8ertion. At, i:3. : - if Pi, is- a po3,ynomlal ""of detfree Icf ttld' ' " "l^-^J^C^-' 
there ■•^ists. 'ft vpoiyhtimla^^ k + 1 such that " ^3^- ■( ' "^S^ 
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for eac^ mtural ^ * 

' Biltial Step I .. -^ ■ : . ; '^'^ ' -'^ ^ ^-.^ ' : '^"^ . ' 

this oase^ p^(x) ^ A + &^ and t^^ sum ' 
: : Pi(l) + Pi (2) + . V *^^i(n) 
. la an a3?lthtaetid prpgraaslon #tth fir gt term Aj^ff-. B and conmon 
difference B. : ,/ ^ ; > ^ 

^..Hince^^by^ acaroise' 2 ' . 

^Pli2) + . . , ^^i(ij) ^ |[2(A +- B 1)B ] 

+ (A + |)n/ 

and the polynomial q Buoh that 




q(x) - | x2 + P + |)x; ^^^^^^.'^^^^^^^^^^^^^^^^^^^^^^^ ■ ^ ? 

of . d Mr 

Sequantlai ''l3'6e^ A:; \fe V that the assertions- A^j Agj; * • • j ^ 

Aj^ are all truej that iB^ ^the result Is proved for polync^nials of v 
degree at most k. ■ ' . - . - v 

We. may write -any pol^omlal of degree Ic + 1 in the foi^ : - 
Pk+1 4x) - ax^+^ + S^kI (a ^ 0) /. ^ ' 

where Sj^(x) Is of degree k at -most, " Since, by Our; induotlon hypo- 
the sum ' ■ 



v- 

Xthesls J 



Sj^Cl) + Si^(2) + , . , +,Sk(n) • , 

. : . . . ^ . ■ ^ •''^ ' ... . ^ 

is the value at x ^ n of a polynomial of degree at most k + 1^ we| 
need not coneern ourselves with the contribution of and can 
devote our attention primarily t6 the term ax^"^-/ We set # 

^ Pk+l^-^+ Pk+1^^^"^ • * • + Pk+1^^^^ 



^8 



We wish to eampare this with the siim obtained In (3). We therefore 
define, by ahaibgy with (2), - ■■y<\'^i' 

wa eKpand (x - by this mnomlal Ih^O^^ terpsy 

-.-^(x) ^ X. -^ -[x - (m + l)x + . +( -1) 

(m + 1):^ + t^_^{^,: ri^^ ' (7)/ 

'•where tm 1 Is a polynomial .of degr^^.w^,:pv-: 

Because' vthe Mnomlel ^Biforem aleo deniand^ pi*^6J^<#^' Indue t Ion j wa 
-'^nciud^-%-sp#ciaJr-pre©^ — - 



. We havejr from. (3) ■^'-•u^?f^%^ 
and J k& ttlng m ^ k + 1^ we get 




'I frw4n(x) - ti,(x) ], ^ (8) 

k + 2 , 



Substituting this result in (4), we have 

■; Pk+iU) ^ k + s P'k+i(x) - tk(x) ] + Sk(x) ' 

where b - 1^+2 ^ ° ^k^*) " ®k^^^ - ^ + g ^k^^^ °^ diesree 
at most k, W© now substitute (9) in (5) getting ^ ■ 



by ("85. "dur, induction h^othesls asrflb'ts that 

\ 

Where Wj^^2. 1b a polynomial of degree k + 1 at most, Hen^e 
i,^ q(x) bx^"*"^ + w^^T (x) 



Is a polynomial of degree k + 2 j and the \l^duotlon . comp Jt^i'i 
We must now |3tfove (7) ■ , ^ ' '^ 

B^ltlal Step I- f'^ 
- ^/^'^ m - .1^ -we "have - ' 

. Sequential Step : . = - . ' ■ t 

^ .Asiiame' the result Is true f or ^, Atf the (k + 1) th 
staged we have ; , t,,.. - f 

{ . . ^ 'kl^ + (x - lHxk=»^ - (x - l)^-^].^^+l 

' ; ' - x^+^ .+ (x.l).[(k+l)x^ ^ t^ J^ ] fft 



- - + (k+l)x^+l - (k'+l)x^ + (x-l)ti,^l^^^ 

^ ^ (k + a)x^"*"^ + ti^(x) ■ 
where tj,(x) - -(k + lU^ + (x - ,l)tj^_^(x) Is a^polynomlal of . 
degree at most k. This Is the desired result, • 



**17^a-JJE3.r8t PJzliielpla) - l. 

It la eas^ to see that- we can never ha^e'f (fli) = g(n,), glnee". 
9^3* and consequently g(n) Is an even power o^|;for all^ 'natural ' 
nmbers n, while f(n) Is always an-odd power of ^lii^We must"\here- 
fore show only that m'= n. + 1 Is the least na tiara^. matter m such , 
that f (m) > g(n) ... It Is •convenient to b^eal^;,'^^l'S-,l^^^^o parts 

* . .a).f (n-M- 1) > g(n), and -F^* .' 

" . ' ■ ■ " , J ' 

b),.f(r3 < g(n)^'f6r all r ✓ n. . 

: 4 We. first ejcamine a.) u ^ ' r - - 

^ ' . f (n + i) 5. g(nV ^ . (1) 

this mean's, ; 3^'(^) > gsJn - l) ^ g2g(n-l) ^ 



X. ^--^..^ / f (nl_ > ^g(n - 1) 
opj since ^n)' and g(n-*l) ara natural niimbe^^s 

' " ■ f (n) V2g(n ^1) +1* . (2) 

But (2)^'implliBS ; 

or . " ■ , f(n +1) > 3 g(n) ^ 2s(n) + s(n)' 

or j since g(%) ls\^a natural number and therefore g(ri) > 1 

f(n + 1) ^ 2s(n) +1. . (3) 

We' have thus' proved that (2) is equivalent to (l) and tmplles (3), 
This is all we need to prove a). Let our assertion A^j be 
f (ri + 1) > s(n), 

4 ' 

Initial Step : . \ ^ • 

' If n a 1 , we have ■ ' ■ 
, • f(2) ^ 27^ 2s(l) + 1 = 2-9 + 1 ^ 19. 



and A j_ Is thus verified', ^ ; . • ' 

sequential Step i i; ' ■ ■ .y'^'£ ■ ■ ; 

Vte assuine 'th^.- truth . of A^, which asserts that , 



As we have B#en> this is. .equivai^^t* to 



f (4c\+ g(lc). 
)#ht* to 

^ 2g<k * 1) + 1 



whlteh is equivalent to. 



TOus Implies A^^^ J and the inductive ^roof of part a) is coin- 
. ple te> J' ^ ^ - •■ 

We mu^st now prove part b) i f (r) < g(n) for all r ^ nv Since, 
as has. TJih Ob served , x^ — ^ 3^ is a strictly inqreaslng function 
pf X, It BUfflcfs to prove the ca3e r ^ n* 
Ijiltial Step : ' ■ * ^ . ^ ^ ' 

f(l) - 3 < s(l) - 9/ ' 

Sequential Step : Assume f(k) < g(k),. TOien, elnce g(k) ^ 1, f (k) - 

^ _ ... ^ _ . . ^ / 

< g(k) + g(k) =^ 2g(k). - ^ \ 

Bit f (k + 1) 3^(^), and g(k + l) = g^^^^ m Z^zM ^ ^nd therefore 

f (k 1) < g(k + 1), which completes the induction for part b) and* 

thus the proof of the theorem, 

**l8, (First Principle) 

le teacher will have recognised these as Pibonaccl ntmibers.)' 
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. "1. 



Fpllowlrig the hint l^e obtain by exparlmfent 
■(i) a" -.V*^ ^-^^'^ xy(:£^-2 -y"-^) 

Set."'.--; ' '--'v 

(^K , . " x « 1 +, v% , 

and , . • , ■ • . 

Using <1) and (2)^lft (3). we obtain ; 



■ y - 1- - ' 



(x + yya^-i.^ ' In_i- 'xy2n-2 ^ 



;"prom X y -i.S^'-xy *4.,-we then ihave 



In. ^ 



I. 



Cons^giaantlyj If I^^^ and' I^^g are integers so Is I^V / \ 
• ' lii order to frame' a proof by mathematical induction we' use 
ithe flrst;^ principle and take for the assertion A^^ that b^th Ij^ 
and are Integer a. , ' 

Initial St0p ; ' - • - , ' • . 



'10 



Sequential Step : 



3 



We assume that the theorem "is If^e for n = k. 



We have by the argiament above, 

■ ^k+2 ^ %+l ^k- 



Uie assertion which we have assumed true fs that-^Ijj ■gM^^ 



•3 



iG3 



f 



ai'te Integers. Consequently their . sum I^+g is an iateger.a q^A-d. ; 



• r 



32? 



" -^k + Ik-l^reaics dgwn'f.or k = 1,. but thi^t the result , th^t 
Ig Is ah Integer holds anyvmy.). " . ' „ 
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Ex^^rclses 2^9 Solutions 



a) 




- 1 




b). 




- 1 




0} 




Civ 2 1 

^ yx +-^^1 




d) 


X — ^x^ 


2 

- 9x- + 1 




a) 


X ~* x^ 


*- 

© o 

or X — * X 


+ 1 




X— ►x^^ 


o r X x^ 


+ 1 


^ ) 




- ^ + dA 






A -X 




5" 










a) 


d t X 


- . . , - i u 


J 










.J 




■ * ' ■ / 


I 



I i 



X at ^ 1 or 2 



0 



^ at X 



*0 - a ^ 8 



^ or 10 

• ■ • * 

^ 6. J(l6x ^ x3)^t X - ll f(l6x . x^) at = 2] 

or 39 m (32 ^ ^) = 7 + 8/3 = 29/j . 



.2. 

= i4 - l^S'\p 13 1/2. 



7- K J^) ,,t" 'x,. 2) - ((x* - xS) at X = 1) 



.0. 


a) 








3 








'S(2) 


i(0) - 20 




S(t:) ■ ^(^^) -(riu 




fi 




- *feu- 












* #^ 












f 


b) 














■S(x) 






































■% 






H 1 ) 




















































.a* 


1 






















































. (i) 






> 












1 


hi ii. 




!. i 


*• 








* 
































- '1 
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■ %^ ^ 332 

mien ^ - T2a3 a»-.33 

Sirise 'ag + a3 = 

■ ap = -13 Kll = -37 

a^ ■ -Sag - - k 

. • - g| r3.37 - 7.11 = 4.24J 



-Oe; -JI 

5¥ ^ T? 



' ' as ^ 



111 ^3 
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• (2,-1) 



(4, 2) 



-1 



Mil 

2 



- 2 



(-1, 2) (0,-1), (2,3) 



2x(x - 2) 

4 (x + 1) (x - 2) 



- o 



- 2 A i I i } 



^ {-> - 
1 11,. I. 



3" 



J 



4 
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Exercises 4 - 12a . 

- J 

1. f (x + y) = 0, f (x) = 0, f (y) = Oj hence (6) becomes 
d = 0.0, Ihls function does hot satisfy (3) because division 
by zero la not defined. The functlom f Is x— » IIq] and. Is 
Itself not defined In the case g(0) - 0, 

f fx + y) - 1, f (x) si, f (y)' ■ i- hence (6) becomes 
X ^ 1*1, Thim function also satisfies (3), 



'f(u7' 



1 ) i 



re 



^< i, . . . V I ,. . re A 
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2. Since f (x) ^ 0, we nmy^vlde, (8) by It. This gives the 
required equation, ' •. ' ' ' , ' 

■fixerclses 4-12d- ' 



k 



f (1/3) 
f(l/4) 

f(3/4) 

f 371 



, .3/4 



- a 



f(2/5) = a2<& 
£•(3/5) = a3/5^ 



^371/1000, 



ft' 



r(r) ^ r(. -I) . ir(i) J^' ^ i^" 



i bi- (ij) ^ 

JU' ^ ttiij L- dLL-a butii pOal LIVfc i-totluiial lultiiUei'fl ^ Clit-ij ,, tjw is g-. 



MO 



1 



Hi ) ) 




Scerclses 4-12e 
f(l/3) = f (1/3.1) « [f(l)j^/3 ^ ^ 1/3 
£•(1/4) = a^/^'^j f(3/4) = a^/"^ ' ' 
f(l/5) = a^/S. ^^g^^j ^ f(2.1/5) = [f(l/5)i' 
f (3/5) = a3/5; f (V5) = a V5 
r / -371 \ .371 



jii . d 1 „ 1, i , 111 
ML) M > ) ' 1 S ; 
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Similarly, f(3x) = 3f(x), f(4x) = ktix), and bo on. ° 
Proof that f (mx) = mf (x) 
Inyial Step : f(l'x) =.f(x) ^l'f(x). *. 
Sequential .Step : Suppose f(iqc) = l<f (x) for some rmtural 
number k. Ihen | 

;f [(k + l)x] = f(kx + x) = f(kx) + f(x) by . (l) 

= M-(x) + f (x) • ' 



- ( k t 1 ) r ( X ) 



m m 



m 



-I \ n n 



n u 



i 
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= rf (x). 

. fop all national r by parts e) and f). But - 

hence f (r) = ar, 
h) If X Is any irrational number, there are rational num'^i% 
r and s \ such that .. .. 



and a 



< A < S 

that K L- ^iid p-x ^ iLbi Li'arl 1 ^ uiues L*^ ^eru. 



We n 



ll 1" IB bLi i Li 1 iiu X'iia Jl U 



i 1 nuiii L ^ 1 
have 1^ dLK._ 



^ a O , a i i i 

ci A a - i 



^ 1 



A lit 1 .ax- 



OX + i + ik K 



1 i 1 
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This must' be true. In particular, for x = o (unless k « o), and' 

therefore ( 

k + 2 

and k = -2 , 

ExfroiBes 4-13 : 
1, ' 1 = 1.000000 * 

0.1 = 0.100000 



^i"^ O.OOOOdO 



3 « 



U' Id ...n^ 11 i,. M^i. .^i.i u.w , 1 i .. i . I . , l' ^ 

a r r t L L h ^ I" 1 1 I 43 w \/ 1 j ^ . 1 u > e ..j I U . . . , . . 1 i , =a 4 < \ > . s i 




. / * k J Vj fi t t 1 /V 1 
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b) 1 ='^1.0000 

^ = 0:04l6 

■ ■ ■ ; i,o4i6 

. - 0,503.4 
0.5402 

J; 

0.1 ^ 0.1 000 
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1 
1 




Ans, I 0. 540 



= O.OOOd 



0 . oyy8 



We Uicn hdvc 



il.,, O I i 1 1 J li 



4^ . I .... i ! i *a i * 
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